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Preface

Spiked random matrix models are widely used to model data in which a low-rank signal
exists alongside high-dimensional noise. When the eigenvalues of this signal, known as
spikes, are either above or below a certain critical threshold, the corresponding models have
been widely studied and are well understood.

However, the behavior of models with spikes at the critical threshold is more difficult to
study, and has often remained elusive, despite the existence of data that is not well-explained
by either sub- or supercritical models.

This thesis contains the results of series of projects that investigate the likelihood ra-
tios for Gaussian models with critical spikes. It includes rigorous results illustrating the
transition between the qualitatively different sub- and supercritical regimes, which has ap-
plications not only in statistics, but also in the statistical physics of the SSK model for
magnetism. It also contains edge universality results, demonstrating how the quantities
crucial for understanding the likelihood of critically-spiked Gaussian random matrices can
be extended to their Wigner counterparts.

The thesis concludes with a presentation of results about phenomena occurring exactly
at the critical threshold, determining the contiguous set of alternatives for testing a critical

spike and providing the first description of the limiting likelihood ratio for such tests.
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Chapter 1

Introduction

1.1 Gaussian matrix ensembles

Gaussian matrices, which are symmetric or Hermitian matrices with iid Gaussian entries,
are the simplest examples of random matrix ensembles. Because of this, they are exten-
sively studied, and most familiar random matrix results were established first for Gaussian

matrices, and then extended to other ensembles.

The eigenvalues of Gaussian matrices behave similarly to the eigenvalues of random
matrices with more direct applications in statistics, such as sample covariance matrices for
Gaussian data, which follow the Wishart distribution. This similarity, stemming from the
similarity between the joint densities of eigenvalues in the two models, makes the study
of Gaussian matrices useful not only in its own right, but also as a preliminary step for

establishing results about the eigenvalues of other kinds of random matrix ensembles.

Indeed, for questions of statistical testing, whose resolution invariably require a detailed
understanding of the model likelihood, this analogy between Gaussian matrices and other
random matrix ensembles is particularly useful. In treatments such as [JO20; DJO1§],
analyses of large classes of random matrix ensembles have followed the basic pattern of the

corresponding Gaussian analysis.

In addition to their use as a simple proxy for investigating other random matrix ensem-
bles, Gaussian matrices have explicit uses in statistical physics. It is common for statistical
physics models to be defined in terms of matrices of independent {+1}-valued random

variables, whose spectral properties are well-approximated by Gaussians. An example of
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such an approximation, which will be examined in this thesis, is the Spherical Sherrington-
Kirkpatrick (SSK) model, which is a Gaussian approximation of the Sherrington-Kirkpatrick
(SK) model that retains many of the important features of the SK model while being sub-

stantially easier to analyze using Gaussian matrix results.

1.1.1 Definitions of GUE and GOE.

We recall here the definitions of the GUE and GOE. For 1 < i < j < N, let &, 1;; be

independent A/ (0,1) random variables. Then define a Hermitian matrix Z; with entries

&ij if i = j,
Z,ij = %(&j +iniy) if i <j,
Zl,ji if £ > j.

Similarly, define a symmetric matrix Zs by

V28 ifi =,
Zoij =19 &y i<
Zg,ji if i > 7.

For o € {1,2}, we call the distribution of Z, the Gaussian Unitary Ensemble (GUE) if
a =1, and the Gaussian Orthogonal Ensemble (GOE) if a = 2.

The parameter 2/a, typically denoted by 3, indexes the number field of which the matrix
entries are elements, and is called the Dyson parameter. Although the Dyson parameteri-
zation is commonly used in the literature, for the results presented in this thesis, it is more
convenient to instead use the parameter «, sometimes known as the Jack parameter [see,
e.g. Ful04], and we will use this notation throughout.

We will also use the term scaled Gaussian matriz to refer to Z,/ VN , where Z, is an

N x N Gaussian matrix.

1.1.2 Spiked models

An extension of the Gaussian random matrix model that has been extensively studied in

the statistics literature is the rank-one deformation of a Gaussian matrix Zy given by

ZN
Wy == —— + hvv*, 1.1
v= (L)
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where |[v]]2 = 1. Such distributions, parameterized by the value h, called the spike, are
known as spiked ensembles. Since the distribution of the eigenvalues of Zy is rotationally
invariant, the direction v has no effect on the distribution of Wy, and so is commonly taken
to be the standard basis vector eq, in which case Wy differs from Zx/v/N only in its (1,1)
entry.

Spiked ensembles were first studied in a statistical context in |[JohO1], where the spike
parameterized a rank-one deviation from an identity covariance in a Wishart ensemble,
which arise, for example, in the study of high-dimensional covariance estimation and prin-
cipal components analysis. Eigenvalues of matrix ensembles of the form of Eq. display
similar limiting behavior to that of spiked Wishart ensembles, so it is useful to extend the
spike terminology to these “deformed Gaussian” ensembles.

Many spiked random matrix ensembles exhibit a phase transition in the limiting behavior
of the largest eigenvalue. Specifically, spikes h that are strictly smaller than a certain critical
threshold h. do not influence the distribution of the largest eigenvalue, and are known as
subcritical. In ensembles with supercritical spikes h > h., the largest eigenvalue is separated
from the bulk and converges almost surely to a value strictly above the support of the
eigenvalue bulk.

Such a phase transition was originally identified for spiked Wishart ensembles in [BBP05],
but has since been described in other spiked models. Relevant to the Gaussian ensembles
that are investigate in this thesis, the critical threshold was shown to be h, = 1 for spiked
G(U/O)E in [Péc06] and [Mai07] respectively.

In the supercritical case, that is, when h > 1, the largest eigenvalue of a scaled G(U/O)E

matrix was found in |[CDF09] to have Gaussian fluctuations given by
NY2(\ — (h+ k1)) S N(0,a(1 — B72)).

On the other hand, [Péc06; [Mai07] showed that in the subcritical case, when h < 1, the

largest eigenvalue has Tracy-Widom fluctuations around 2. In particular,
N3N\ —2) 4 TW,,.

Moreover, [Péc06] described the limiting distribution of the largest eigenvalue for h = 1
in terms of a Fredholm determinant. In [BV13], Bloemendal and Virag considered the

largest eigenvalues of Gaussian matrices with critical spike h = 1+ by N /3, describing the
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corresponding one-parameter family of limiting distributions. Throughout this thesis, we
will refer to this limiting distribution as the BV, or Bloemendal-Virag distribution so that,
according to [BV13], Theorem 1.5],

N=23(2 = A & BV (by)a/a, (1.2)

where )\gbo) is the largest eigenvalue of a scaled Gaussian matrix with Dyson parameter 2/«

and critical spike 1 + by N ~1/3.

1.2 Testing and local alternatives in spiked models

For a sequence of models {Py j} parameterized by h and with null hypotheses
Hyo:h=hnp,

some sequences of possible alternative hypotheses are asymptotically impossible to distin-
guish from the null while others can be distinguished with probability approaching 1.

The threshold between these two regimes is a set of sequences of alternatives
HN71: h = hN71 = h]v70 + Oayn

indexed by 6, where (ay) is a sequence chosen such that the corresponding sequence of
likelihood ratios converges to a non-degenerate limit. In this way, the local alternatives hy 1
describe the alternatives that can be tested for with power asymptotically falling strictly
between 0 and 1.

This notion was first formalized with the name “contiguity” in [Le 60]. A sequence of
simple experiments was defined as contiguous if the supports of the null and alternative
distributions asymptotically coincided. The connection between contiguity and the limiting
behavior of the likelihood ratio was codified in the celebrated result known as Le Cam’s

first lemma, and it is this result that will be used in this thesis to establish contiguity.

1.2.1 Likelihood of spiked Gaussians

In context of spiked Gaussian matrices, we let P 3 be the distribution of a spiked Gaussian
matrix as described in Eq. (1.1).
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Due to the rotational symmetry of Wy, it is enough for the purposes of testing h to
understand the likelihood of the eigenvalues of Wyx. For a large family of random ma-
trix distributions, the joint density of the eigenvalues A of Wy follow a common pattern,
which was extensively cataloged in [Jam64]. In the spiked Gaussian case, the corresponding

representation was shown in [JO20, Lemma 14 (supplementary material)| to be

2N h2

pN(Ash) =c(A)-ea 7. /SN* exp{gh : u"ﬂ/\u}(du)7 (1.3)

where ¢(A) is a function of the eigenvalues only, and where the integral is taken over the

(N — 1)-sphere with respect to the normalised Haar measure.

As discussed in |Onal4|] and cataloged for a much larger family of spiked models in
[JO20], the joint density of eigenvalues A of a spiked Gaussian ensemble with a spike of size
h is

) N
pN(A;h) =c(A) - et On /Kexp{]o\j [hz - %Zlog(z - )\j)} } dz (1.4)
j=1

2mi

for a constant C'y and where K is a contour running from —ico to +ioco and passing to the

right of all the eigenvalues A.

1.2.2 Contiguity in spiked random matrix models

In classical statistical models, it is common for contiguous alternatives to be separated by
an O(N~1/2) gap. For Gaussian matrix models of the form Eq. , this is not necessarily
so, and in the papers [JO20; [DJO18| the authors carried out a program of identifying
contiguous alternatives or a large number of spiked random matrix models including the

Gaussian case.

The paper [JO20] investigated tests of subcritical spikes. In the spiked GOE case, this
amounted to testing, for 6 € (0,1).

Hno:h=0 vs. Hyi:h=40. (1.5)

The likelihood ratio for this experiment was shown to asymptotically depend on the
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eigenvalues only through the function

N
Zlog(zo(ﬁ) - ), (1.6)
j=1

where 29(0) = 0 + 0~

Objects like that in Eq. , known as logarithmic linear statistics, appear often in
the analysis of random matrix likelihoods due to the appearance of a similar quantity in
the integrand of Eq. . When zj is strictly greater than 2, the spectral central limit
theorem established for Gaussian matrices in [BY05|, implies that the log-likelihood ratio
for Eq. is asymptotically Gaussian.

The likelihood ratio in the supercritical case was analyzed in an as-yet unpublished
extension of [DJO18|. In this case, for a supercritical null spike hy > 1, the contiguous

experiments were shown to have hypotheses

Hyo:h=hy vs.  Hyi:h=ho+6ON"12

In this case, the likelihood ratio depends asymptotically only on the largest eigenvalue,

which in the supercritical case is asymptotically Gaussian.

The “vanishingly supercritical” case, has a null spike of hg = 1+by N~ for a < 1/3 and
bo > 0. This sequence of experiments can be analysed with the same general techniques as
in the supercritical case, while in some sense approaching the critical regime at o = 1/3.

Indeed, the appropriate vanishingly supercritical contiguous experiments are

Hyo:h=ho:=14+bN"® vs. Hyy:h=ho+0oNOD/2

Naively, by plugging a = 1/3 into the above, one might expect that contiguous local
alternative in the critical case should be ki = hg + ON~Y/3. Demonstrating this fact will
be a goal of this thesis, and only after establishing substantial tools for analysing likelihood
ratios of Gaussian matrices in the first few chapters will such contiguity be proved on the

critical scale in Chapter [4
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1.3 Log-determinant Central limit theorems

As mentioned in the previous section, logarithmic linear statistics — that is, functions of

the form

N
Ly = log(E - \;)
j=1
arise often in the study of random matrix likelihoods. Indeed, understanding these quan-
tities is essential for establishing the likelihood ratio results which are the focus of this
thesis.
When E > 2 is fixed, the limiting distribution of Ly is well-known, following from the
spectral central limit theorem of [BY05]. However, for the results that will subsequently

discussed in this thesis, we require Gaussian behavior near, at, or just inside the edge
E=Ey=2+0oyN"23  —y<oy<log’N (1.7)

for some fixed v > 0.

Here E is sufficiently close to the edge that the functions fx(z) = log|z — E| do not
appear to be covered even by recent mesoscopic CLTs (e.g. [LS19; [LSX20]).

The basic identity

Ly = iv:logp\j — E| =log|det(Wx — E)|
j=1

casts the linear statistic (now with the absolute value under the logarithm) as a log deter-
minant, i.e. in terms of the characteristic polynomial of Wj. The latter is the subject of
a substantial literature. In particular, as pioneered by Tao and Vu [TV12] for E = 0, for
Gaussian ensembles Wy drawn from GUE or GOE, one can use the Trotter equivalence
to cast the matrix in tridiagonal Jacobi form and analyze the recurrence satisfied by the
principal minors.

Chapter [2 contains a summary of the result of [JKOP20|, in which this program is

carried out at the edge of the spectrum to arrive at the following result.

Theorem 1.1. Let Wy be a Gaussian matrix whose off-diagonal moments match GUE
(a« =1) or GOE (oo = 2) to third order. For edge values E = Ey satisfying Eq. (2.1]), we
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have
(log|det(Wy — E)| — un)/mn % N(0,1), (1.8)

with

1 1
,u,N:§N+UNN1/3—%U?V/2—é(a—l)logN, ™ = %logl\’- (1.9)

1.4 Eigenvalue statistic universality

An important generalization of Gaussian matrix ensembles is Wigner matrix ensembles.
Informally, these are symmetric or Hermitian matrices whose entries are independent and
subject to certain distributional restrictions. The first investigation of such matrices was
performed in [Wigh8|, which proved the semicircle law for Wigner matrices whose entries
have symmetric, variance-one distributions.

Subsequent authors have used the term “Wigner” to refer to similar matrices with
varying technical conditions on the entry distributions. Throughout this thesis, we will use

the following definition:

Definition 1.2 (Wigner matrix). A Wigner matrix is an N x N matrix Wy = [§;/V Ny
which is either Hermitian (o = 1) or symmetric (o« = 2) and for which the components
{Re&;j,Im&;;}ic; and {&;} are independent random variables with mean zero and satisfy

some of the following conditions:

W1 E|¢;]? =1 for i # j and E€Z < B for some absolute constant B;

W2 In the Hermitian case, Efizj =0 for ¢ # j;

W3 The moments of Im¢;;, Re§;; are bounded uniformly in N. That is, for all p € Z~o,
there is a constant (), such that

E|[Im¢;|?, E|Re&;;|P < Cp;

W4 E(Reé;;)? = E(Im¢&;)3 = 0 for i # j.

As in the Gaussian case, we refer to Wy + hvv*, where ||v||2 = 1, as a spiked Wigner

matrix with a spike of h.

In the series of papers [TV10; [TV1la; [TV11b; TV12], Tao and Vu developed a number

of so-called “four-moment theorems.” These concluded that the limiting distributions of
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Figure 1.1: Phase diagram showing the Spin glass, Paramagnetic, and Ferromagnetic
regimes. Red arrows indicate the transition between Spin glass and Paramagnetic regimes,
which is the focus of this paper.

various eigenvalue statistics were the same when evaluated at the eigenvalues of a Gaussian
matrix as with those of Wigner matrices whose entries match those of a Gaussian matrix

up to order four.

It was under this four-moment assumption that, the universality of the log-determinant
log|det W | was established in [TV12]. Another important development was in [EKYY12;
KY13a], in which the authors established two-moments theorem for certain eigenvalue statis-
tics near the edge. These took advantage of the fact that scaled Gaussian eigenvalues are
separated from each other by distance of O(N~2/3) at the edge rather than O(N~!) as
in the bulk of the spectrum. This sparsity allowed a reduction in the required number of

matching moments.

The main universality result presented in this thesis is Proposition and takes the
form of a three-moment theorem at the edge for a family of eigenvalue statistics that can
be approximated by an integral of the Stieltjes transform. Among these statistics is the
log-determinant, which allows us to extend the log-determinant CLT of Theorem to the
Wigner case. In addition to establishing marginal results, this treatment also includes a

method for establishing the joint universality of these statistics.



10 CHAPTER 1. INTRODUCTION

1.5 The SSK model

In addition to its statistical significance, the integral term in Eq. (1.3) has an important
physical interpretation. The Spherical Sherrington-Kirkpatrick model with Curie-Weiss

ferromagnetic interaction is a model of magnetism with Hamiltonian

1,1 J &
Hy(o) = §(ﬁ MZ:I Ajjoio; + N Z-;l aiaj), (1.10)

where o € v/N. Sév —1 J >0 is known as the coupling constant, and A is a real symmetric
N x N matrix with zeroes on the diagonal and independent upper triangular entries A;;
with mean zero and variance 1. It was introduced in [KTJ76] as a tractable variant of the
original Sherrington-Kirkpatrick model that has discrete spins o € {£1}V.

[KTJ76] considered Gaussian A;j, but since that paper this assumption has been sub-
stantially weakened. For example, the papers |[BL16; BL17; BLW18|] considered general
Wigner matrices A. Nevertheless, the Gaussian model remains the benchmark. In fact,
[BDGO1] called the model with A from GOE “the standard SSK model” (see also [Tal06]
and [PTO07]).

The free energy of the Wigner SSK model is then closely related to the likelihood
Eq. with a = 2. Precisely, let Wy be a Wigner matrix with a spike of J and zeroes

on the diagonal. Letting A be the diagonal matrix of eigenvalues of Wy, write

N *
va=églwﬁoﬁnum%@m,

(6]
Fa7N: ﬁlOgZaJ\] (111)

The papers [BL16; BL17; BLW18] made a thorough study of the fluctuations of the free
energy Fb n in the spin glass, para- and ferro-magnetic regimesﬂ The fluctuations of the

free energy in the three regimes are shown to be

1. (Spin glass) If 5> 1 and J < 1, then

2N2/3
51

(Fon — F(B)) & TW, .

'In these papers, the parameterization is slightly different from the one presented here, so that in their
case, the critical threshold is § = 1/2 instead of 8 = 1.
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2. (Paramagnetic) If 5 < 1 and 5 < 1/J, then
N(Fyx = F(B) % N(fr.ar).
where a1 depends on [ but not on J, while f; depends on both  and J.
3. (Ferromagnetic) If J > 1 and 8 > 1/J, then
NV (Fyn — F(B)) % N(0,az),
where as depends on 3.

The leading order term F(3) differs across the regimes:

1
B - 5 log 8 — z for spin glass
1
F(p) = 152 for paramagnetic (1.12)
p

1 1 1
§(J +J71 — 5 log(BJ) — ZJ_2 B for ferromagnetic.
This result characterizes the fluctuations of F5 n in models lying strictly within the three
regimes. The results for the transitions studied in [BL17] and |[BLW18] are summarized in

the following table.

Transition Transition window Fluctuations of Fy n
Spin glass - Ferromagnetic J=1+bN"3 B>1 N (Fyn—F(B)) 4 % BV (—bo)1
Paramagnetic - Ferromagnetic =% + BN7Y2 J>1 N(Fn—F(B)) 4G+ Qp(Ga).

Here (G1,G2) has a bivariate Gaussian distribution that depends on J but not on B, and
(@ p is a non-linear function that depends both on J and B.

Concerning the remaining transition between the spin glass and the paramagnetic regimes,
[BL16] and [BL17] conjectureed that the critical window of temperatures for this transition
is 8 =1+ O(N~'/3/IogN) for any J < 1. They arrived at this conjecture by matching
the orders of the variance of Iy y as f — 1 from above and below.

The discussion in Chapter [3]contains results from [JKOP21| that confirm this conjecture.
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Namely, if
B=1+bN"3/logN, 0<J<1,

then F, y has fluctuations of order N//log N. Moreover, as b increases from —oo to oo,
we describe the transition of the limiting distribution of F, x from Gaussian to the Tracy-

Widom.

Precisely, the main result is as follows.

Theorem 1.3. Consider F, y with o = 1 or o = 2, as defined in Eq. (1.11). Let § =
14+ bN-Y3\/log N for a constant b € R and let 0 < J < 1. Further let b, = max{0,b} be
the positive part of b. Then

N
\/ 15 log N
where TWa and TW1 are the complex and real Tracy-Widom distributions, respectively,
independent from the N(0,1), and where F(5) is as in Eq. (1.12)), that is

log N
(Fa,N — F(B) + (ffN) 4N, 1) + \/jmwm, (1.13)

B—1logB—2 ifb>0,

Fo= 132 ifb<0
1 .

1.5.1 Relevance to statistical testing

Recalling Eq. (1.11]) together with Eq. (1.3)), we find that for J = 0, F,, y is distributed as
the scaled log-likelihood ratio for testing

Hy:h=0 vs. Hi:h=p

in the spiked Gaussian model, under the null hypothesis. Specifically, for 5 < 1

pn(A;B) 2N B
logm T [Fa,N F(B)].

Theorem therefore gives the limiting behavior of the null distribution of the likelihood
ratio. The mean shift and variance, both growing on order log N, verify that the null and

alternative distributions fail to be contiguous, and so we cannot directly obtain the limiting
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distribution of the likelihood ratio under alternative hypotheses 5 near 1.

1.6 The stochastic Airy function

The spectral analysis of certain stochastic differential operators can be a powerful tool for
the understanding of eigenvalues of random matrices. Introduced in [ES07] and studied
rigorously in [RRV11], the operator relevant to the edge eigenvalues of Gaussian matrices

is the so-called stochastic Airy operator

2

2 +x +V2aB'(x),

HZ/a =

where B’ is the distributional derivative of a standard Brownian motion. Here, Hy/, acts
on L?([0,00)) functions f satisfying the Dirichlet initial condition f(0) = 0.

The random operator Hy/, was shown in [ESO7; [RRV11] to have a simple, lower-bounded
spectrum Ag < Ay < ---, and that for any k € Z~g, the eigenvalue distributions of a scaled

N x N Gaussian matrix Wy satisfy
(N72BOG = 2)1gjer S (—Aj1)1<j<h

This analysis was extended to spiked matrices in [BV13]. In the case of Gaussian
matrices with a critical spike of size 1+ by N1/, the largest eigenvalues converge in distri-
bution to the eigenvalues of H, ), acting on functions satisfying the Robin initial condition
f(0) = —bo f(0).

In [LP21], Lambert and Paquette made a significant development in the analysis of the
stochastic Airy operator. They studied solutions ¢y € L?([0,00)) of —HajaPr = Agy for
each A € C, keeping track of the dependence of these solutions on their behavior at 0.
Lambert and Paquette phrased this problem in terms of the “Stochastic Airy Equation,”
which was the SDE

dgh (1) = (t + N)pa(t) At + ¢x(1)V2a dB(1),

showing that this equation has a unique (up to a constant multiple) solution in L2([0, oc))
and called this solution the “Stochastic Airy Function,” denoted by SAi,.
In this way, the results of [ES07; RRV11; LP21] imply that the spectrum of —H,,, and
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so the limiting distribution of the largest eigenvalues of a Gaussian matrix, is given by
{\ € C:SAi,(0) =0}.

In fact, the main result of [LP21] is substantially stronger, stating that, if on(2z) =

N

j=1(z = Aj) is the characteristic polynomial of Wy, then, in the sense of uniform conver-

gence in compact sets,
—2/3 a3 EeON d .
(wn (1 + AN"23/2)on (2 + AN )~y A€ R) % (SAA(0): A€R),  (1.14)

where Gy is a centered Gaussian random variable with EG%, = § log N + O(1), and where

wy is the weight function

wy(z) = ((27?)1/46N222*N(Nz2)*1/21/Niji,)_l.

This result is closely connected with the classical Plancherel-Rotach asymptotics estab-
lished in [PR29|, which state that

(w1 +AN"Han(1+AN"23): x e C) = (Ai(N) : A e Q), (1.15)

where 7y are the orthogonal Hermite polynomials with respect to the measure e=2V @ dg.

The convergence of Eq. over the whole complex plane was conjectured in [LP21],
and subsequently established in [Ass22] though a complex analytic argument.

In addition to the theoretical results of this thesis that make use of the stochastic
Airy function, Section contains the descriptions of algorithms for efficiently solving the

stochastic Airy equations as a function of ¢ or of A.

1.6.1 The critically-spiked case

The results of [BV13] suggest that the limiting distribution of the largest eigenvalues of a

scaled Gaussian matrix W](\;)O) with critical spike 1+ by N~/3 should be given by

{)\ e C: SAII)\(O) = —by SAIA(O)}

In Chapter |4, we establish this rigorously, through an extension of Eq. (1.15]). Namely,
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if gog\l;o) is the characteristic polynomial of W](Vlfo), then

EeGN.AGC)

eGn

9y (=by SAiA(0) — SAT4(0) : A € C). (1.16)

(N3 (1 4+ AN"23/2)0 (0 (2 + AN2/%)

This convergence allows us to extend many theorems proved for subcritical Gaussian
matrices in Chapters 2 and [3] to their critical equivalent. Relatively straightforward is the
following central limit theorem, which is the equivalent to Theorem in the case that

both the spike and FE are exactly on the critical scale:

Proposition 1.4. Let )\gbo) > e 2> )\530) be the eigenvalues of a scaled Gaussian matriz
with Dyson parameter 2/« and critical spike 1 + boN—Y3. Let v = 2+ AN"2/3 for some
AeR. Then

b «
E;yzllog|'y—)\§-)]—%—N1/3C+%llog]\f i>/\f(0 D
\/ 5§ log N ’

Another important result established in Chapter []is a partial description of the limiting

behaviour the log-partition function of the SSK model near the triple point.

Theorem 1.5. Consider Fi, v with o =1 or o = 2. Let § =1+ bN~/3\/log N for a
constant b> 0 and let J =1+ bgN~'/3 for a constant by € R.
Then

N log N

3
W(Faw - F(ﬂ) 19N ) i> N(O’ 1) + \/;b ’ BV(_bO)Q/Ou
12

where BV (—=bg)2 and BV (—bg)1 are the complex and real Bloemendal-Virag distributions
respectively, independent from the N(0,1), and where

F(B)=p - logf~

This result effectively describes half of the critical point of the SSK model, as the half-
plane of parameters {(bo,b) : bp € R,b < 0} is not yet covered.
Finally, and most importantly, the stochastic Airy machinery will allow us to establish

a representation of the limiting likelihood ratio for testing for the difference between two
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different spiked Gaussian matrices.
In particular, we will demonstrate the following theorem, which is phrased in terms of the
(e

quantity s, ). This informally represents the holomorphic ath root of —by SAiy(0)—SAi}(0),
and is defined rigorously in Section

Theorem 1.6. Let o € {1,2} and N € Zw. Let b,by € R and let 3 =14+ bN~/3 5y =
1+byN~1/3,

Let pn(-;h) be the density of the eigenvalues of an N x N GUE if « = 1 or GOE if
a = 2 with a spike of h. If A ~pn(-; o), then

pn(A;B) a S e s (w) "t dw
PN (AS 60) fIC ebow/asl()‘;) (w)—l dw )

(1.17)

where IKC is a contour that runs from —ioco to +ico and passes on the positive side of the

largest zero of 31(7?).

The limiting object on the left-hand side of Eq. (1.17) is extremely complicated. How-
ever, the convergence of the likelihood ratio without centering or scaling to a non-trivial

limit is an essential result for the contiguity of the experiments
Ho:h=1+bN"3 vs. Hi:h=1+bN"1/3,

which resolves the question raised in Section and was the motivation for the direction
of inquiry of this thesis. An important question left for future investigation is a more explicit
description of the limiting quantity on the right-hand side of Eq. (1.17).

1.7 Efficient simulations of random matrix objects

The eigenvalue distribution of G(U/O)E matrices are special cases of the eigenvalue dis-
tributions of so-called “Generalized Gaussian [-ensembles.” Introduced in [DE02], these
are a family of ensembles of tridiagonal matrices parameterized by the Dyson parameter 5.
When 8 = 1 or 2, these eigenvalue distributions match those of GOE and GUE matrices
respectively.

These tridiagonal matrices can be easier to analyse than dense Gaussian matrices, and
indeed this tridiagonal representation is a crucial element in the analysis performed in

[JKOP20; JKOP21]. In addition to their theoretical uses, tridiagonal matrices require less
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memory to store in a computer and can be diagonalized more quickly than dense matrices.
This makes the tridiagonal representation essential when simulating the eigenvalues of large
Gaussian matrices.

In Chapter |5 we extend the ideas of [DE02] to cover spiked matrices. In particular, for
d € Z~q, Section describes a family of random banded matrix ensembles with bandwidth
2d + 1 whose eigenvalue distributions match those of a Gaussian matrix with d spikes. It
also contains a similar banded representation of Wishart matrices with d spikes, extending

the tridiagonal representation of Wisharts also given in [DE02].

1.8 Notation and definitions

We establish here some notational and terminological conventions that will be used through-
out this thesis.
If My is a matrix with real eigenvalues Ay > --- > Ay and I C R, then we denote the

eigenvalue counting function Ny, by
Ny (I) = #{j - \j € I}.

The one-point correlation function of My, denoted by py, is then the density of ENjy,,

with respect to the Lebesgue measure. That is, for any measurable I C R, we have

EN (1) = /I on () da. (1.18)

The notation ay < by means that ay < Cby for some C and N large. Let (By) be a

sequence of events. We then say that
1. By holds asymptotically almost surely (a.a.s.) if P(By) — 1 as N — oo.

2. By holds with high probability if there exists a d > 0 such that

P(B%) < N4

3. By holds with overwhelming probability (w.o.p.) if, for all A > 0,

P(B%) < N~
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If Xy < ey w.o.p. and there are constants Cp, C; such that eventually cy > N~¢0
and EXy < N9 then EXy < ¢y (for proof, see e.g. [BK18, Lemma 7.1].) Here and
later “Xn < ¢y w.o.p.” means that there exists C' such that event Xy < Ccy holds

w.0.p. Similarly for statements like X = O(cn) w.o0.p.

We say that Oy is a Op(1) variable if Oy is a.s. positive and 6y, (9]}1 are Op(1). Clearly
exp{Op(1)} = Op(1) and log{Op(1)} = Op(1). If On1,0N2 are Op(1) then so are On10n2
and On1/0n2.

We collect for later use some elementary criteria for convergence in probability of a

sequence of random variables { Xy }.

C1 If for each c large, X = Yni(c) + Yaa(c) with Yyi(c) = op(1) and EYya(c)? < 1/c?
for N > N(c), then Xn = op(1).

C2 If for each e small there exist events €y of probability at least 1 —¢ for N > N(e) such
that on €N75 we have Xy = YNl(E)—l-YNQ(E) with YNk(g) = Op(l), then Xy = Op(l).



Chapter 2

CLT for the log-determinant

This chapter is drawn from [JKOP20], which was co-authored with Iain Johnstone, Alexei
Onastki and Yegor Klochkov. The majority of this chapter comprises results developed
by the present author. Section contains a minimal set of results proved by co-authors
that is required to understand the results of this chapter. These results are stated without

proofs, but with appropriate references to [JKOP20].

2.1 Introduction

Let Ay > .-+ > Ay be the eigenvalues of an N x N Wigner matrix. The logarithmic linear

statistic
N N

Ly =) f(N) =) log(E~\)

=1 =1
arises in several applications; we focus in particular on statistical testing in spiked models
and on the fluctuation behavior of the free energy in the spherical Sherrington-Kirkpatrick
(SSK) model of statistical physics. Suppose initially that F > 2 is fixed. In this case
Lyn — N [ fdpsc, where psc denotes the semicircle density is asymptotically Gaussian with
finite variance that depends on the first four moments of the entries of Wy. Since f(z) =
log(E — z) is analytic in a neighborhood of the semi-circle support, this follows from general

CLTs for linear statistics, e.g. [BYO05).

19
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This chapter concerns Gaussian behavior of the log determinant

N
Ly = log|\j — E| = log|det(Wy — E)|
j=1

near, at, or just inside the edge:
E=Ey=24+0oyN"%3  —y<oy<log’N (2.1)

for some fixed v > 0. Specifically, we will prove the following result:

Theorem 2.1. Let Wy be a Wigner matriz whose off-diagonal moments match GUE (o =
1) or GOE (o = 2) to third order. For edge values E = Ey satisfying Eq. (2.1)), we have

(log|det(Wy — E)| — un) /7v % N(0,1), (2.2)

with
3/2

1 1

2.2 (Gaussian case

Theoremis proved in [JKOP20| by first establishing the result for GUEs, extending it to
GOEs using an eigenvalue interlacing result of [FR99|, and then using a Lindeberg swapping
argument to conclude the complete result for Wigner matrices whose entry distributions
have moments that match those of Gaussian matrices up to appropriate order.

The following Theorem was developed for GUE matrices by Alexei Onatski and
Yegor Klochkov in [JKOP20]. In this section, we show how to extend this result to the
GOE case before proceeding to the more general Wigner case in Section

Theorem 2.2 (JJKOP20, Theorem 2]). Consider a matric Wy from a (scaled) general
Gaussian [3-ensemble with B = 2/a. Let Dy = det(WN — 20N), where 20y = E = 2 4+
N0y with (loglog N)*> < on < (log N)*. Then,

(log |Dn| — pun)/7x % N(0, 1),

where

N = 047“(0;,2) with r(x) =log %[1 +(1- x)fl/Q].
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Remark 2.3. Theorem [2.2] concerns “general Gaussian S-ensembles.” These are ensembles
of tridiagonal matrices introduced in [DE02| that generalize the eigenvalue behavior of Gaus-
sian matrices. In particular, when 5 = 1, 2,4, the eigenvalues of a “Gaussian $-ensemble”
have the same distribution as the eigenvalues of a GOE, GUE or Gaussian Symplectic En-
semble (GSE) respectively. Here, the GSE is a symmetric matrix ensemble with quaternion

entries, whose distribution is invariant under symplectic transformation.

Theorem covers singularities 20y = E = 2 + N~2/3¢y in the range (loglog N)? <«
on < log? N for all positive .. Section 3 of [JKOP20| details how to extend the result to

2/3

singularities at a distance of exact order N™%/° away from the edge, or even (just) inside

the bulk. That is, it concerns sequences oy satisfying
—v <oy <oy := (loglogN)? for some v > 0. (2.4)

The extension to this case relies on the properties of GUE, and so allows us to conclude
Theorem (2.1 only for GUE matrices.

In order to further extend the result to GOE matrices, we make use of the following

proposition, which connects the fluctuations of a linear statistic of a GUE with those of a
GOE.

In the following few results, we will use the following notation: for a function f: R - R
and an N x N matrix W with real eigenvalues, we write
N
FW) =" fO),

J=1

where A1 > --- > Ay are the eigenvalues of W.

Proposition 2.4. Let WJ(VJ and WE be N x N scaled GUE and GOE matrices, respectively.

Suppose that fn is a series of linear statistics such that
fN(WR) = an + Op(by),
for some sequences ayn and by. Then,

fNWR) = an + Op(by + TV(fn)),
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where TV (fn) is the total variation of the univariate function fn: R — R.

If the fy are uniformly bounded, this result is uninformative about the fluctuations of
fn(WR), since by and TV(fy) are both O(1). It becomes more useful when the fy have
singularities in or near the bulk distribution. In particular, a critical technical result of
[JKOP20] is lemma 18. It considers the linear statistics f/(\) = (E — /\)*ll{‘E_)\|>cN_2/3},
stating that f(Wg) has fluctuations of order N~13L In this case, TV(f!) = O(N%l), and
so Proposition allows the extension of [JKOP20, lemma 18] to GOEs.

The main engine for proving Proposition [2.4is an identity stated in [FR99], which relates
the eigenvalues of a GUE to the eigenvalues of two independent GOEs. In particular, we

use it in the following lemma.

Lemma 2.5. Let M$ be an N x N GUE, and let f be a function with total variation
TV(f) < oco. If ME, MR are two independent N x N GOEs, then

FMS) L 2 (FMB) + ST + X, (25)

where | Xn| < TV(f), and 4 denotes equality in distribution.

Proof. Let MR, M | be independent N x N and (N +1) x (N +1) GOEs. Call the eigen-
values of ME and ME , {\}Y, and {\ N4 respectively. Further, denote the combined

set of eigenvalues {\;}¥, U {\}M 1! by AT, and enumerate its elements in decreasing order
+ _ +
AT ={AN = =2 vt

[FR99, Theorem 5.2] implies that the even elements of this set (that is, {2, A4,...,Aan})
are equal in distribution to the eigenvalues of an N x N GUE.
Thus, if M](\? isan N x N GUE, we have

N
FMSH LS FO)
=1

1 2N+ N
=5 (30 £O) + 2008 ~ FOG0)] — FOdns)
Jj=1 i=1
N
= (PO + FOTR ) — F) + OG0 — 104 1))-

=1

N —
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Notice that, since )\;F are ordered, we have

N
SIS — FdD)| < TV().
=1

Further, let M]f,{ be the principal submatrix of va{ 1, Which is thus independent and equal
in distribution to M]f,{. If we let fiq,...,in be the eigenvalues of M]f,{, then Cauchy’s

interlacing theorem yields
M= > e > > AN 2 v 2> An,

and so we have
N

N
PR = FOy) = FOIR) = |30 7 ) = D2 F(10) + (FOwvn) = F\dvir))|

i=1 i=1

<IN = f()] + [FAvg1) = F(A3ya)

P

We conclude that Eq. (2.5) holds. O
An immediate useful corollary is as follows.
Corollary 2.6. Under the assumptions of Lemma

Ef(My) = Ef(My) + O(TV(f)),
Var f(ME) < 2Var f(MS) + 2TV2(f).

Remark 2.7. Notice that Lemma and Corollary also hold for scaled Gaussian
matrices Wa'C = Mo/€/VN, since f(Wr'/C) = g(MR/C) for g(\) = f(A/VN), which
satisfy TV(f) = TV(g).

However, to finish proving Proposition in its generality, we require the following

technical lemma about tightness.

Lemma 2.8. Let Xy, Yn be iid sequences of random variables such that Xy + Yy is tight.
Then Xy (and thus also Yy ) is tight.
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Proof. For any constant K, we have
P(Xy > K)=P(Xy > K,Yy > K)'/2 <P(|Xy + Yy| > K)Y2,

and similarly,
P(Xy < —K) < P(|Xy + Yn| > K)/2,

which yields
sup P(|Xy| > K) < 2supP(| Xy + Yy| > K)Y/2,
N N

where the right hand side of the latter inequality can be made arbitrarily small by the
tightness of Xy + Yn. ]
With all these results in hand, we are ready to complete the proof of Proposition

We have

INWRY—an | fn(WE) —an

o UNOV)  nOT 2 a )
by + TV(fN) by + TV(fN) by + TV(fN) '
(fnWR) + fn(WR)) /2 + X — an Xy
<3 b [+ 2|

By Lemma the first term in the latter sum is tight, since it is equal in distribution to
(fNn(WS) — an) /by, whereas the second term is no larger than 2. But since the two terms
on the left hand side of Eq. (2.6) are iid, Lemma yields that they must be tight, and so

INWR) = an + Op(by + TV(fn)).

2.3 Extension to Wigner matrices

2.3.1 Outline of approach

Proving that a Wigner matrix W), satisfies a certain property as long as a matrix Wy from
G(U/O)E satisfies this property is often based on the Lindeberg swapping process, where
elements of Wy are replaced by the elements of W, one by one without losing the property
in question. Typically, one needs to show that any individual swap does not change the
expectation EQ(M) of some smooth function Q(-) of the matrix M participating in the

swapping process too much.
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Although our initial interest is in the asymptotic normality of the log-determinant, we
will eventually need to use Lindeberg swapping for several functionals which depend on
the Stieltjes transform evaluated at z = F + in for E near the edge and 7 distant at least

N~2/3-% from the real axis — here the gross N~2/3

scale is that appropriate for working
at the edge of the spectrum. We outline the swapping approach for the log-determinant

example but with the general class of “Stieltjes edge functionals” in mind.

We adopt the method of [TV12], with modifications to work at the edge, and under
weakened assumptions, as described below. We call a quantity S(Wy) insensitive at rate
on if SWy) — S(Wy) = O(0n). Let Ly(Wy) = log|det(Wn — E)|. To extend the
asymptotic normality of Ly(Wy) to Ly(W}) it is sufficient, via a standard smoothing
argument, to show that EG o Ly (W) is insensitive at rate dx for scalar functions for
which |GU)||o < ). For the log-determinant oy = by = (log N)~1/* will work.

In an initial approximation step, we show that it suffices to replace Ly (W) by a function

of the Stieltjes transform sy = & tr(W — 2)~*

g(W) = N/N Im sy (E + in) dn. (2.7)

TN
Here vy = N~2/379: to show that values 0 < < yn can be neglected, we use an anti-
concentration result that guarantees that with high probability, all eigenvalues are at least
N—2/3=C_distant from E. This too is proved by Lindeberg swapping, now with a second
Stieltjes functional, in Proposition [2.15
The swapping argument is now applied to show that EQ(Wy) is insensitive for @ of the
form (G o g)(Wy). To review this in outline, let v index an ordering of the independent
components {Re&;;,Im¢&;;}ic; and {&;} of Wy. Thus v runs over N2 and N(N + 1)/2
elements in the Hermitian and symmetric cases respectively. By convention in each case,
the first IV values of = index the diagonal matrix entries. Thus W will refer to a matrix

in which the elements prior to v come from W}, while those at v or later come from Wiy.

At stage v in the swapping process, we can write WO —wy, wl) = wrtl and

WO =w, + QV W =W, + QV (2.8)
and Wy = W is independent of both £ ©) and €M), In the symmetric case, V is one of the

elementary matrices of the form eqe}; or eqse; + epey;, for 1 < a < b < N. In the Hermitian
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case, we add matrices ie,e; — iepe;. The variables €0 and ¢M correspond to the ~th

components of Wy and W), respectively. All matrices W7 are Wigner matrices.

To focus on individual swaps, write
EQ(W) - EQ(W') = Y EA,,
Bt

with Ay = QW) = QW) = QW) — (WD)
We consider W(© and W) as perturbations of Wy. Thus, set W) = W) +tN -1/ 2V,
and introduce Q~(t) = Q(W}'). Note that this function is independent of £ () and that

Ay = Q") = @y (€M)

In a Taylor expansion of @), formal for now, this independence implies

E[Q, (7)) = 3 ;E[Qgﬂ(on E([O).

J

If moments match at order j < k— 1, that is, E([€(V])) = E ([5(1)]j), then the jth order
term in EA, vanishes. If, as one expects, ng) (t) is of order N —k/2p,, and bounding the
remainder term appropriately leads to the required bounds on EA,. This is formalized in

Proposition |2.9

To show that such derivative bounds hold specifically for ) = G o g when ¢ is as in
Eq. (2.7), we need good bounds for &/ ¢7(t) when ¢7(t) = g(W;'). Introduce notation for

the resolvent and Stieltjes transforms
R/ =Rl(z)= (W —2)7",  s/(n)=N"'tr RI(E+in). (2.9)

The standard resolvent perturbation argument (equations Eq. (2.18)-Eq. (2.21])) shows that
&s] = ¢;N=I/214r[(R] V) RY).

This is bounded for E near the edge and n > N~2/379 using the entrywise local law
(see Proposition [2.12{i)). Working at the edge allows, through use of the Ward identity,
improvements in bounds because Im R is small. What results (see the proof of Proposition
are bounds [|# g7 (t)|lee < N~9/2a) with ay = 1 in the log-determinant case. These

bounds are useful both for reducing the number of matching moments required to three (for
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off-diagonal entries) and requiring only bounded variances (for diagonal entries). Combining
with the derivative bounds on G, the chain rule shows that we obtain the desired insensitivity

with 5N = aNbN = bN.

2.3.2 Lindeberg swapping formalism for asymptotically flat ()

Throughout this chapter, we will use the term “Wigner matrix” to refer to Wigner matrices
satisfying W1-W3 as defined in Definition

Moreover, we will say that the moments of two Wigner matrices Wy, W}, match to order

m if, for an integer 0 < a < m,
E(Re&;;)" = E(Re fz{j)“, E(Im¢;)* = E(Im §£j)a

forall 1 <i < j < N. Note that this constrains only the off-diagonal entries. The diagonal

entries already match to order one by assumption, which is all that we need.

This means that W4 can be rephrased as the condition that the entries of a matrix Wy

match those of a Gaussian matrix up to order 3.

In Proposition[2.9)and its consequence Proposition [2.10, we make the swapping argument
explicit for abstract () satisfying generic asymptotic ‘flatness’ derivative bounds. In the
next section we assemble tools — resolvent perturbation and local law — with the goal of
establishing, in Proposition the necessary flatness bounds for some specific choices of
Q@ needed for our later applications.

Fix ¢p > 0 and set [|[Fl, = sup{|F(t)|,[t| < N%}. Let dy — 0 in such a way that
N 2 N~ for some ¢; > 0. Let @ be a function on N x N Hermitian/symmetric matrices
taking values in [0,1]. Let Wigner matrices Wy, W) be given and define Q. (t) = Q(W}")
as in Section We say that @ satisfies condition F or F'(dy) if forallyand 1 <k <4

we have w.o.p. that
k
1S leg S N7 6w (F)

Proposition 2.9. Let Wy, W}, be Wigner matrices whose moments match to third order.
Let co,c1 > 0 be fized and for each j = 1,...,m, let Q;: CN*N — [0,1] satisfy condition
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F(ojn). If Q = TTj, Qj. then,

EQ(WN) - EQ(W]/V) S . HllaX 5j,N- (210)
7=1,....m

Proof. Consider first the case m = 1. We set A; = QW) — Q(Wp), and decompose
EQ(Wx) — EQ(WY) ZE 40 —

Let Exy = En(W]) denote the overwhelming probability event Eq. and then introduce
‘good’ events G n; = En N {|§(i)\ < N}, Let A be a fixed constant such that N2=4 < 4.
Using boundedness of ) and the moment bound W3, with p chosen so that pcy > A, we

have
E(A'yO — Awl) = E(Awol(GNO)) — E(A,yll(GNl)) + O(NiA) (211)

As before, set Q,(t) = Q(W'), so that A,; = Qw(g(i)) — @Q+(0). By Taylor expansion,

we have

QYOEDY + ZQW(E) DY,

for some &* with [¢*] < |¢)]. Noting that Q. (t) and event Ey are independent of (), we

have
EIQY () 1(Gx)] = BIQY(O)1(En) B[OV 1(1€¥] < N0)
= E[QY)(0)1(En)]E[I¢VF] + O(N /26y - N~4),

where we used the fact that E[|¢D71(|¢()] > N<0)] < C,N~0P=7) = O(N~4) for suitable
p, as follows from W3 and the Holder inequality. For the remainder, on event G; we also
have QY ()] < QS ey £ N*/?6y, and hence

BRI (€)(ED) UGN S N6y,
Summarizing, we have

E[A,;1(Gn) Z = ENE[€D1] + O(N~*25y + N~4).
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Choose k = k(v) so that E(6M) = B(£®)J for 1 < j < k — 1. Then the sums cancel

and Eq. yields
E(Ay0 — Ay) = O(NF265y + N=4).

For the O(N?) off-diagonal terms, moment matching to third order allows k(vy) = 4,
while for the N diagonal terms, we take k(v) = 2, since then only E¢ (1) = 0. Summing over

all v, we obtain
EQ(Wx) — EQ(Wy) = O(dy + N*~*) = O(6n) (2.12)

from the choice of A.

For m > 1, apply the product rule, use Eq. and ||Qy e, < 1:

k 4 k
Q¥ e < 2 ( ) I[I N 5onv SN2 max dn,
lit+bm=k 617 s 7€m 1<j<m Jj=1,....m
6>1
Thus @ satisfies F'(max; d; ) and the result follows from Eq. (2.12)). ]

We use Proposition to formulate a criterion that allows joint convergence in dis-
tribution of vector functions of Wi to be transferred to the corresponding functions of

Proposition 2.10. Let Wy, W) be Wigner matrices whose moments match up to third
order. Let éEn = En(Wn) and &y = Ex(W)) both be R™ wvalued random vectors. Suppose

that En 4 &, and that each component &; of the limit has a continuous distribution function.

Let ny — 0 be given, and suppose that for each 1 < j < m and s € R there exist
functions Q;-t(-, s) satisfying condition F(§; n) such that for W = Wy, Wy, w.o.p.

1{ew; (W) < s} < QF(Wis) < 1{&w; (W) < 5 + 1w} (2.13)
Heny (W) < s —nn} < Q7 (Wis) < Lew, (W) < 5} (2.14)

Then we also have (joint) convergence &7y 4 £.
Proof. Let 6y = max; d; n. It suffices to show that for each s = (s;) that

P(€n <s—nn) —O(n) <P(&y <s) <P(€n <s+nn) +O(0n). (2.15)
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Indeed, we then have

P&y <s)—P(&v <s)| <D P(lén; — 551 < nnv) + O(0n) — 0,
J

since each limiting component £; has a continuous distribution function.

We verify the upper bound in Eq. (2.15]). For each A > 0 large, we have from Eq. (2.13))
for W}, then Proposition and then Eq. (2.13) again, now for Wy, that

P(¢y <s) <EJ[Qf (Wy,s;) + O(N )
J

<E[[QF (Wi, s;j) +O0(0n) <P(én <s+nn) + O(0n).
J

The lower bound in Eq. (2.15)) follows similarly, using Eq. (2.14]). O

2.3.3 Flatness for Stieltjes functionals
Resolvent perturbation: deterministic bounds

We recall and modify some bounds of [TV12] on stability of Hermitian matrices with respect
to perturbation in one or two entries, using Ward’s identity to improve the bounds at the
edge.

Let My be a Hermitian N x N matrix, z = E + in € C,, where C is the open half-
plane C; = {z € C: Re(z) > 0}, and V an elementary matrix as defined immediately after
Eq. . Set My = Mo+tN~Y2V and R; = Ry(2) = (M;—2)~", and s4(2) = N~ tr Ry(2).
Recall from [T'V12] the definitions of the matrix norms [|A[|(, ), and in particular

1/2
[ Al ey = max [Ayl,  [Allo) = max (Y [4y%)
J

1<i,j<
Note also that if V' is an elementary matrix, then

[ tr(AV)] = [tr(VA)] < 2|Aoo) (2.16)
1AV Bll(00,1) < 2l All (oo, IV [l (00,1) | Blls0,1) - (2.17)

Let kn(z,t) = tN_1/2||Rt||(OO71). Lemma 12 of [TV12] says that if ky(z,t) — 0 as
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N — oo, then for large N
Riyy =Ry + i (\;g)j(RtV)th, (2.18)
j=1 VN
with the right side being absolutely convergent. In addition, for 1 < p < oo,

||Rt||(oo,p) < ||R0||(oo,p) eXp{2|t|N_1/2HROH(OO,I)}' (219)

Here the factor 2 arises from the use of Eq. (2.17) in the Tao-Vu argument. The same
bound holds with the roles of Ry and R; reversed.

Expansion Eq. (2.18) allows evaluation of t-derivatives of s;(z). Indeed

A si(2) = JINTI2¢j(z, 1) (2.20)
cj(z,t) = (=1 N tr((R V) Ry). (2.21)

The following variant of [TV12], Proposition 13| yields uniform bounds on ¢; in terms of

| Im R||oc = max;<ij<n |Im R;;|, which allows tighter bounds near the edge.

Proposition 2.11. Let ¢y and A be small and positive, & = (log N)OUogloeN) "4 define
Se(A)={z=E+ineC: |E—-2| < N 3¢y, n>N"2/34} (2.22)

av= s [t Rollwon)/VN.
|t|<Nco,z€S.(A)

Then for z € S¢(A) and [t| < N,

lej(z,1)] < ()12 2UHDRN | Ry [9 1 [|Tm. Ro|oo (2.23)

Proof. From the cyclic property of traces, then Eq. (2.16) and Eq. (2.17)), we have
[tr(RV) Ry)| = [ex(V(RV) T RY| < 20(BeV Y 7 Bl (00,1) < 27| Rull] o) 1Bl 001)-
The Ward identity, e.g. [BK18, eq. (3.6)] says that

Z ’Rij‘2 = 77_1 Im Rz‘z’
J
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is valid for any resolvent matrix R = (W — E — in)~! with n # 0 and Hermitian (or
symmetric) W. For n > 0, we have

1Rl 2y = sup Y | Rijl* = 07| Tm Rl (2.24)
b

If B is a normal matrix, (i.e. B*B = BB*), then
[AB(c0,1) < 1Al (00,2 1Bl (0,2)- (2.25)

This uses the Cauchy-Schwarz bound |(AB);;|* < Y [Aik|> Xk | Bi;j|?, since B normal im-
plies 3 | By;[* = x| Bjl* < | Bl o) -
The resolvent of a Hermitian matrix is normal, so from Eq. (2.25)), Eq. (2.19)), and then

Eq. (2.24) we have

1Rl 00,1y < I Relltss 2y < €V | Rollfso2) = 17" €"™ || Im Ro|loc.

Combine the last two displays and use Eq. (2.19) to bound ||R¢[|(0e,1) < €2V || Rol|(00,1) tO
arrive at Eq. (2.23)). O

Local law

We will need the local law for Wigner matrices and some of its important consequences, in

particular at the spectral edge.
Proposition 2.12. Let Wy be a Wigner matriz.

(i) (local law) Let R(z) = (Wx —2I)~! denote the resolvent matriz and sq.(z) the Stieltjes

transform of the semicircle law. Fixz T > 0 small. For each € > 0, we have w.o.p.
Rij = ssc(z)c&j + O(Nallf(z)),

uniformly for z € S(1) = {E+in: |E| <7\, N""*" <pn<rYandi,j=1,...,N,

where
Im s4.(2) 1
V() =4 ———L + —.
(2) Nn + Nn
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(it) (semi-circle law on small scales) For each € > 0, we have w.o.p. that
Niwy (1) = N [ puclda) + O(V),

uniformly for all intervals I C R, where Ny, (I) denotes the number of eigenvalues

of Wi in I and ps. denotes the semi-circle law.

(iii) (at the edge.) Let A >0 be small and fized, 5 = (log N)OUgloeN) “and let S (A) be
the edge domain Eq. (2.22). For each € > 0 and uniformly for z = E + in € S¢(A),

we have w.o.p.
IRllony START  [[Im Rljee S (/2 + NT3FE4) A=, (2.26)

Let Wy = W—EN~Y2V with V an elementary matriz and & satisfying moment bounds
W3. Set Ry = (Wo — 2I)~%. Then the bounds Eq. (2.26)) apply to Rq also.

Remark 2.13. For clarity, we emphasize that these are simultaneous high probability

bounds for all z in the indicated ranges. For example, then w.o.p.

sup (ImzV1)[ImR(2)|s S 1.
z€Se(A)

Such statements follow from the N2-Lipschitz continuity of R;;(2), ss.(2) and of the right
side bounds over the indicated ranges, c.f. e.g. [BK18, Remark 2.7].

Proof. For (i) and (ii), see e.g. [BK18, Theorems 2.6, 2.8].
We turn to (iii). Basic bounds on ss(z) , e.g. [EY17, Lemma 6.2], establish for n > 0,
|E| <10 and x = ||E| — 2| that

lsse(2)] <1, Imsge(2) S VE+0.

For N=%/3=4 < 5 < 1, we have ¥(z) < (Nn)~%/2 < N-1/6+4/2 and so from the local law
[Rll(0e,1y S 1. For n > 1, just use the elementary bound |Rji| < n~! arising from the

spectral decomposition

, o wlg)ug (k)
Rji(E +1in) = ; N E (2.27)

where u;(j) denotes the j-th component of the eigenvector wu; corresponding to A;(Wy).
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For (Im R);; we exploit the improved bounds on Im s, at the edge. Since k < N—2/35y,
we have Im s, < N™V351/2 4 p1/2 and N > N1/3-4 and conclude

N71/661/4 1 1
U(z) < + + — < NTU3HA
VN7 Npt/2 - N7

Hence, the second part of Eq. follows from the local law.

Turning to Ry, we put A = W — Wy = N~Y2¢V and use the resolvent identity Ry =
R+ RAR + Ro(AR)?. Write || - ||« for || - [[(oo,1)- Even for Ry, the bound [|Rof. < n~*
follows from Eq. as before. So to conclude the rest of Eq. for Ry, it suffices to
show that w.o0.p. |[Ro — R, S N™V/3+e+4 for N=2/3-4 < < 1.

We have the trivial bound ||Ro|l« < n~! < N?/3+4. Since W3 implies that |¢| < N¢/2
w.0.p., we have that |A| < N~Y/?+¢/2 and along with ||R||« < 1, and bound Eq. (2.17) for

elementary matrices, we find that w.o.p. both

IRAR|. S N™V2/2 |[Ry(AR)?||, S N?/3+A-1+e < N-1/3+etd, O

Stieltjes functionals

We return to establishing flatness condition [F]for certain functionals @ = Gog. Let W be an
Hermitian matrix and sy (z) its empirical Stieltjes transform. In the following proposition,
we consider examples of Stieltjes functionals g(W) = A(sw) for some continuous linear
functional A acting on functions holomorphic on C,.

The first two of these examples will be used in the next subsection to extend the non-
concentration property for the eigenvalues of G(U/O)E matrices to Wigner matrices (Propo-
sition and, using this, to extend the log determinant CLT to Wigner matrices. The
last two examples are key to the analysis of the SSK model in Chapter |3] which details
results from [JKOP21]. There, we need to extend results on the k-th largest eigenvalue and

the trace of the inverse powers of z — Wy from G(U/O)E to Wigner matrices.

Proposition 2.14. Let W be a Wigner matriz. Lete >0, 0 < co < 1/2 and let E € R be
such that |E — 2| < gy N34,
For each of the following statistics, define functions g: CN*N - R, G: R = R and a

sequence O according to the following specification in each case for 1 < j < 4:
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1. Log-determinant: with vy = N—2/3-¢,
NlOO

g(W)=N Imsw (E+in)dny,  [|GY e < (log N)79/4, 6y = (log N)~V/4,
YN

2. Eigenvalue counting: withn = N~2/379%  E| < Ey such that max;|E;—2| < N~—2/3+10e
and constants C'y > 0,

Eo

g(W) = —/ Im sy (z + in) dz, 1GD]| o < (log N)%7, Sy = N~1/3+0(),
Ey

3. Inverse moments: with n = N"2/37¢ and | € Zy,
gW) =N Resy V(E+in), GV < (log M), gy = N75HO6),
In each of the cases listed above, the corresponding function QQ = G o g satisfies the
condition of Eq. . That is, for 1 < k <4, it follows w.o.p. that

k
10 ley < N2 0.

Proof. Define ¢7(t) = g(W/) so that Q,(t) = G(gy(¢)). In order to bound Qﬁ,k) (t) we start
with bounds for & ¢7. Recalling Eq. (2.9), we have ¢7(t) = A(s]). Standard results on
differentiation of integrals and then Eq. (2.20) imply that

09" (1) = M@ s]) = JINTZA(S] (-, 1),
where from Eq. and Eq. (2.9))
¢](z,t) = (=1’ N~  te((R}V, ) R]).

Hence, to bound [|& 7|, it suffices to use bounds on the coefficients c}. We will omit

the superscript v to simplify notations. From Propositions and for fixed A > 0,

-1/2 —1/3+4e+A,—1 —2/3—A

) n +N n N <n<l1

Nlcj(E+in, 1) S i 1 (2.28)
n- n=1,
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uniformly in |¢] < N. Note that there is no dependence on j for n < 1.

In the log-determinant case, we have that

NIOO
A(f) = / N I f(y + in) dn.

N

Evaluated at ¢;(-,t) with A = 2¢e, we use Eq. (2.28)) to obtain

N100 1 100 A
/ Nlej(E+in.t)|dn < [ (n V2 + N7y dn + /1 nildy
Y

N YN
<1

For the remaining integrals, we need only the following consequence of Eq. (2.28]).
: lietr24
Nlcj(E +in,t)] S N3 . (2.29)

Set A = 10¢ in the eigenvalue counting case. This yields

E
U Nej(y + in, )| dy S N3+2AN—R+E 2 N=3400),

1

For inverse moments, we have A(c;(-,t)) = N~2/3¥1 Re cg-lfl) (E+in). Let I' be a contour

of radius N~32 around F +in. In this way, each ¢; is analytic on the interior of I', and
so we use Cauchy’s integral formula and Eq. (2.29) with A = 2¢ to see that

_ | .
N_%H_l‘c(l_l)(E—F 177)| S (l ]-) % ; N]c](w)\ |dw’ 5 N—%+O(E).
J 2T FNgl’w—E—in‘l

In sum suppose that, for sequences ay and by such that ayby — 0, we have w.o.p.
. 71 , A
10/ ()lleg S N 2an,  [GV]loe S by

In the proof so far, we have seen that the above conditions hold with the following values

of ay and by for some constant C':
1. Log-determinant: ay =1, by = (log N)~1/4,
2. Eigenvalue counting: ay = N_%+O(€), by = (log N)C.

3. Inverse moments: ay = N"510E) | py = (log N)¢.
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We apply Faa di Bruno’s formula to compute bounds for 9f (G o g7)(t). Let My, = {m €
Zgo : Z;?:l jmj =k}, so that mqy =my +---+my > 1 for each m € My,. Then for certain

combinatorial constants Cj,, we have that, uniformly in [¢| < N,

k
0F(Gog ) < D CrmlG™ (g7 @) ]I ()™
meMy, j=1

k ,

_im5 : _k _k

S D CenbNT [IN"Zay’ =N"2 Y Cunlanby)™ S N zZanbn,
meM,, 7j=1 meMy

Hence, the conclusion in each case follows with dy = anby. O

2.3.4 Conclusions for Wigner matrices

The last important result required to conclude Theorem for Wigner matrices is eigen-
value non-concentration. That is, we require a result that indicates that the eigenvalues of
a Wigner matrix a reasonable separated from E with high probability.

We proceed with this as before: first establishing the result for Gaussian matrices, and

then using Proposition to conclude that it still holds in the Wigner case.

Non-concentration

Let us introduce new notation
oy = (log N)©Uealoa ), (2.30)

The specific non-concentration result required is the next proposition. The version of it
for G(U/O)E matrices appears in [JKOP20, Lemma 17].

Proposition 2.15. Let Wy, be a Wigner matriz whose off-diagonal moments match GOE
or GUE to third order. Call its eigenvalues N, ..., Ny. Let E € R be such that |E — 2| <
N_%éN. Then there exists a c¢1 such that, for each cy € (0,c1), there exists d > 0 such that,
for N large,

P( min [N, - E| < N“57%) < N, (2.31)
j=1,....N

Proof. Define the eigenvalue counting function Ny (E1, E2) = #{j : E1 < X\j(W) < Ey}.
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The event in Eq. has the form Ny (Eq, Eo) > 1. The first step is to approximate this
using the Stieltjes transform.

Let € = 2¢g and define ¢ = %N_%_E, and n = N=57% Let FEq, Es € R be such that
|Ey —2|,|Ey — 2| < N"36y and By — Ey > 21.

A suitable approximation is given by Corollary 17.3 of [EY17] (based on the local law and
eigenvalue rigidity), which we apply twice with F = E; and Fj respectively. Subtracting
the latter bounds from the former, this yields w.o.p. that

N Es—4 N FEo4-4
— Im sy (y +in)dy — 2N~° < Nw (E1, E3) < —/ Im sy (y +in) dy + 2N ~°.
™ JE1+0 ™ JE1—¢
Let Bt = F + 2N_%_‘307 and define the function
N rET—t
gW) = — / Im sy (y + in) dy,
T JE-+4

Applying these bounds with (Fy, Es) = (E~, E1) and (E~ +2¢, ET —2/), we conclude that,

W.0.D.,
Nw(E~ +20,ET —20) —2N° < g(W) < Nw(E~,ET) +2N"°. (2.32)
Let G be a smooth increasing function such that

1 ifz>2/3,
G(z) =
0 ifz<1/3.

Taking Q = G o g and applying G to each side of Eq. (2.32)), we then have that, w.o.p.,
HNw(E™+20,ET =20 > 1} < QW) < {Nw(E,ET) > 1},

Now we can use Propositions and [2.14)(2) to compare Q(W},) with Q(Wy), for Wy
drawn from G(U/O)E with eigenvalues \;. For any A > 0, we have

P(min|); — B| < 2N757% — 20) = P{Nyy (B~ + 20, B+ — 20) > 1}
J

<EQ(Wx)+ O(N~4)
<EQ(Wy) + O(N~510()
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< P(min|\; — E| < 2N~5%) + O(N~3+06))
J

N*d+O(N71/3+O(E)) S N*d'

At the last line we applied the non-concentration bound for G(U/O)E of [JKOP20, Lemma 17].
For N large, we have ON—5—c0 _2¢ > N~2/3-¢ and so the final bound Eq. 1j follows

from these inequalities. O

The next lemma shows that non-concentration implies control of inverse power sums at

around their typical magnitude. The proof is by standard dyadic decomposition.

Lemma 2.16. Let {\;} be the eigenvalues of a Wigner matric Wy whose off-diagonal
moments match GOE or GUE to third order. Suppose that |E —2| < N=2/35y. Then there
exist constants {C,} such that for each € > 0 small, with high probability we have

Z C1N if r=1
‘)\ — E’T - CTN2T/3+(T+1)E Zf r> 2.

The bounds also hold for S,(E') uniformly in |E'—E| < §/2 with § = N~2/37¢, by increasing

C, to 2"C,.

Proof. Let § = N~2/37¢ and Ay = {min; |E — \;| > §}: by Proposition this event has
probability at least 1 — N —£/2. We will work on event Ay, and show that there the claims
hold w.o.p. On Ay the interval Iy = [E — 0, E + ] contains no eigenvalues. Consider the
‘coronae’ defined by I, = {z € R : 2¢¥71§ < |z — E| < 26} for 1 < k < k' = min{k :
E —2F§ < 1}, and add two half-infinite intervals I_; and I}, to obtain a disjoint cover of
R. We may then bound (on event Ay)

M N (I N
Z WN( k)

ST(E) < —~ (2k715)r (2k’5)r'

(2.33)

The semicircle density is bounded by v/2 — #1,<2 and s0 ps([2 — a,2 — b]) < a2, The
lower endpoint of Iy, is E — 2F§ > 2 — 286 — 55 N—2/3. Since 5?\,/2 < N¢ for large N,

pee(li) < V2 ((250)¥2 4 N1)
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Proposition (ii) says that, with overwhelming probability, simultaneously for all k£ <
k' = O(log N), we have

Nwy (I) < Npge(Ii) + O(N¥) < V2N (286)%/2 + CN*.

Putting this into Eq. 1| and noting that 28§ € [%, 3] we obtain w.o.p.
k/
Sp(E) < 27 H2N ST (286)3/2 7 4 CNFSTT 4 27N
1

The sum may be bounded using

312N ifr=1

k/
N53/2—7" Z 2(3/2—7’)k <
1 AN=326=T  if p > 2.

Observe that Ne§—" = N@/3+e)r+e For r = 1, this is o( N 1) and so S;(F) < C1N on Ay
w.0.p. For r > 2 this is the dominant term, so that S,(E) < C,.N2"/3+(r+1)e,

The bounds also hold for S,(E’) uniformly in |E' — E| < §/2, by increasing C, to 2"C,.
Indeed, for such E', on event Ay we have |\; — E'| > |\; — E| for all j. O

Log-determinant

We derive the central limit theorem for the log-determinant
Ly(Wy) = log|det(Wy — E)|

for a Wigner matrix Wy, and E = Exy = 2+ onN~2/3. Recall the scaling constants uy, 7n
from Eq. (2.3). Let Wy be drawn from (scaled) GOE or GUE. From Theorem which

we have already established for the Gaussian ensembles, we have
En(Wx) = T (L (W) — i) > N(0,1). (2.34)

Proposition 2.17 (Log determinant CLT). Let W}, be a Wigner matriz whose off-diagonal
moments match GOE or GUE to third order. Let E = Ex = 2 + onN~2/3 with with
—y <oy < log?N.
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Then
77 (log|det(Wh — E)| — i) > N(0,1). (2.35)
Proof. To rewrite the log-determinant in terms of an integral of the Stieltjes transform,

note that (d/dn)log |\ — E —in| = Im[(A — E — in)~!], which yields [TV12, eq. (46)]

NlOO
L (W) = log|det(W — E — iN100)| N/ Tm sy (E + i) .
0

The uniform moment bounds W3 imply that
log|det(W — E — iN1%)| = Nlog(N'%) + Op(N ).

2
Moreover, for each € > 0 small, if we take yx = N 32, then non-concentration implies

that the contribution to the integral from n < vy is negligible. Indeed, with A\; = A\;(Wy),

NlImsw(E +in) :nZ—

N 1 N 1
<n N 5
— (N —E)P+n? ]2:1 (A — E)?

J

By Lemma [2.16] we thus have

w : 1.2 2 Ardi3e
N [ s (B + i) dn] < 39382(E) = Op (RN ) = op (1),
To summarize, if we define the Stieltjes functional

NlOO

gW)=N Im sy (E + in) dn,
YN

set iy = pn + Nlog(N'9) and define

ENW) =13 (g(WN) — iiw),

then we have shown that Ly (Wy) = Ex(Wa) + op(1).
We carry out the Lindeberg swapping with g(W). Let H™

: R — [0,1] be a smooth
decreasing function such that

1 if 2<0
H (x) = B
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and let H™(2) = H*(z — ny). For s € R define G (x) = H* (15" (z — fiy) — 5). One
verifies that
Hew(W) < s} < GE(g(W) < H{En (W) < s+ '} (2:36)

Setting QT (W, s) = G¥(g(W)), we obtain bound Eq. (2.13). Bound Eq. follows
similarly using instead H~ with Q~ (W, s) = G5 (g(W)).

Observe that ||G§t(j)Hc,o < (mnnn) 7 < (log N) /4 if we choose ny = T]\_,l/Q. Then
Proposition m (1) implies that QF satisfy condition F with éy = (log N)~'/4. From
Proposition we conclude that &y (W4 ) and hence L(W}) have the same limiting distri-

bution as &x(Wy) and Ly (Wy). Thus the validity of Theorem [2.1{ for Gaussian ensembles
implies Eq. (2.35)). O



Chapter 3

Spin glass to paramagnetic

transition in the SSK model

This chapter presents results from [JKOP21]. Similarly to Chapter [2] it contains results
developed in coauthorship with Iain Johnstone, Alexei Onastki and Yegor Klochkov. Tech-
nical results about Gaussian and spiked matrices were mostly developed by coauthors, and

so such results are stated without proof, but with the relevant citations.

3.1 Introduction

We study the large- N behavior of the spherical integrals
NG o,
ZoN = /SN_l exp{j ~u*Mau}(du), (3.1)

where
My =J - ww* + Wy (3.2)

is a random N x N matrix such that Wy is a real (when a = 1) or complex (when o = 2)
Wigner matrix; J is a constant from [0,1); and w is an arbitrary unit-length vector from
CNifa=1or from RY ifa =2. In , SN—=1 denotes the unit sphere in CV if & = 1 or
in RY if a = 2, (du) denotes the normalized uniform measure over S2'~!, and the symbol

* denotes combined transposition and complex conjugation. We investigate the limiting
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44CHAPTER 3. SPIN GLASS TO PARAMAGNETIC TRANSITION IN THE SSK MODEL

distributions of the quantities

Fon = % 10g Zan (3.3)
for 3 in the so-called “critical regime” of 8 =14 O(N~'/3\/log N).

Our original motivation stems from the fact that integrals appear in the likelihood
ratio in statistical tests of spiked models in multivariate statistics, as seen in Eq. .
In such models, J and 8 play the roles of the size of the spike under the null and under
alternative hypotheses, respectively.

Recall from Section that the Spherical Sherrington-Kirkpatrick model with Curie-

Weiss ferromagnetic interaction is a model of magnetism with Hamiltonian

1,1 Y J I
HN(U) = 5(\/7N i]Z::IAijUZ'Uj + Nijz::lUin), (3.4)

where o € v/N. Sév 1 J > 0is known as the coupling constant, and A is a real symmetric
N x N matrix with zeroes on the diagonal and independent upper triangular entries A;;
with mean zero and variance 1.

Within this context, Iy, x can be interpreted as the free energy of the SSK model, where

A is the corresponding Wigner matrix.

3.1.1 Main result

In this chapter, we investigate the regime
B=1+bN"3/logN, 0<J<1,

which, as discussed in Section [1.5] is the paramagnetic to spin-glass transition in the SSK
model.

We show that, in this case, F, x has fluctuations of order N//Iog N. Moreover, as b
increases from —oo to oo, we describe the transition of the limiting distribution of F, x
from Gaussian to the Tracy-Widom.

Precisely, our main result is as follows.

Theorem 3.1. Consider F, y with « =1 or o = 2, as defined in Eq. (3.1) — Eq. (3.3)). Let
B=1+bN"13/logN for a constant b € R and let 0 < J < 1. Further let by = max{0,b}
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be the positive part of b. Then

N
\/15 log N
where TWa and TW1 are the complex and real Tracy-Widom distributions, respectively,
independent from the N(0,1), and where F(3) is as in Eq. (1.12)), that is

log N\ 4 \/?
aul ) 4 N(0,1) + 1 Sbs TWyye, (3.5)

(Fa,N - F(B)+

F(8) — B—glogB—37 ifb>0,
152 if b < 0.
3.2 Preliminary results

Contour integral representations. Our analysis is based on the now well known contour

integral representation of Z, y, cf. [JKOP21, Section 9.6]

N
Ju = G /K ep{(N/a)G()} dz,  G(2) = B2 — %Z log(z— \;),  (3.6)
j=1

2mi

where for now the integration contour K is the vertical line from v — ico to v + ico for any

constant v > A o, A1 > -+ > Ay are the eigenvalues of M,, and

__ I(N/a)
O N o) T

Notice that the integrand is an analytic function in C\ (—o0, A\1] and that the integral
along the circular arc
Crix ={2€ C:|z| =R,Re(z) < K}

satisfies, for large enough R,

eNﬁK/a

(R/2)N/e

R—o0

‘/ exp{(N/a)G(z)}dz| < 27R - 0.

CRr,Kx

In particular, Cauchy’s theorem implies that X can be deformed without affecting the value
of the integral as long as \; are never intersected and as long as the resulting contour has
real part bounded above.

Log determinant CLT.
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In this section, we will use the following version of the log-determinant CLT. It is a
generalization of Theorem to spiked Wigner matrices whose proof can be found in
[JKOP20, Proposition 29] but is omitted from this thesis:

Proposition 3.2 (Spiked log determinant CLT). Let W be a subcritically-spiked Wigner
matriz. Let E = Enx = 2+5NN_2/3 with G a monotone sequence for which 6 > —C' for

some positive constant C' and &x = o(log? N). Then
7' (log|det(Wy — B)| — py) < N(0,1). (3.7)

One-point correlation function. Let py be the level density or one-point function of

GUE. Then the expectation of a linear spectral statistic is given by

N
E[N'Ys00)] = [ 0ex () ax (3.8)
=1

A key tool in approximating such expectations will be a uniform bound, due to Gotze
and Tikhomirov, for the deviation of the one-point function in GUE from the semicircle
density psc(z) = (2@-%/@1,:2‘9. Indeed, |GT05, Theorem 1.2] shows the existence
of absolute constants v, C' > 0 such that for all |z| < 2 — yN~2/3,

C

| < Na_a%) (3.9)

lpn(2) — psc(w)

In addition, the one-point function decays at least exponentially at the edge. Specifically,

as discussed in [JKOP21|, for all s > —&, for large enough N
pN(2+ sN723) < C(r)NV3e725 (3.10)

A similar bound holds at the negative edge, by symmetry. Corresponding bounds also hold
for psc.

Convergence at the edge. We will rely on the properties of the top eigenvalues of scaled
GUE or GOE. The celebrated papers [TW94; TW96; Die05] showed that, for each fixed 7,
the scaled eigenvalues N2/ 3(\j — 2) converge in law to the jth Tracy-Widom distribution,
TWy/q,;- We need some further consequences of this convergence, along with the extension
of these consequences to Wigner matrices. The particular results are summarized in the

following lemma, which is proved in Section [3.5.2
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Lemma 3.3. Let A\; > --- > Ay be the eigenvalues of subcritically-spiked Wigner matrix
satisfying the conditions W1, W3 and W/ stated in Definition|1.4. Then

(i) For any e > 0, there are C., N such that for N > N, with probability at least 1 — ¢,

A\ > 24 C.N"2/3,

(ii) For any fivred x € R, there exists a constant Cy, such that

E# {j DA > 2 xN’Q/?’} < C,.

(iii) For some ce, N and any N > N, with probability at least 1 — &
Al —Xg > e N72/3, (3.11)

In other words, \i — \o = @p(N*Q/?’).

(iv) Suppose by — oo is such that by = O(N¥) for any € > 0. We then have a.a.s. that

H{j N >2— by N3y > 632

3.2.1 Proof strategy

The main derivations in this chapter revolve around the analysis of the integral

/ exp {(N/a)G(2)} dz.
K

(&3

The fluctuations of this term differ qualitatively for b < 0 and b > 0, and are considered in
Sections [3.3] and [3.4] respectively. In both cases the proofs involve Laplace approximation,

but on different contours.
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Section Negative critical case

We use the vertical contour of Eq. (3.6, and a deterministic choice for v suffices. Indeed,
use the Stieltjes transform of the semicircle law to make the approximation
N z—Vz2 -4

G =Y e ~ B

jzlz—)\j 2

When b < 0, the critical point of the approximation is v = 4 + o(N~1%¢) for 4 = 2 +

b2N~2/31og N and any small positive e. Laplace approximation of the integral

/K exp {(N/a)[G(z) — G(3)]} d2

requires bounds on derivatives G() (%), for I = 1,2,3, stated in the key Lemma Its
proof, in Section [3.5.4] relies on the asymptotic approximation of the one-point correlation
functions of the GUE developed by Gotze and Tikhomirov |[GT05]. Having established
that the fluctuations of F, ny depend asymptotically only on G(%), it remains only to apply
Proposition conclude that F, y is asymptotically Gaussian, and compute the correct

centering and scaling constants.

Section Non-negative critical case

When b > 0, the deterministic approximation to G' no longer has a critical point along the
real axis, and the approximation 4 fails. Indeed, Lemma shows that G'(%) is of greater
order than when b < 0, so G(z) oscillates too rapidly along the vertical contour through 4.
We consider first b > 0, and instead use the contour of Fig. [3.I] which has a vertical
part ICg through p = (A 4+ A2)/2 and a keyhole part K1 U Ko extending horizontally from
1 and surrounding A;. The integral turns out to be dominated by the keyhole part, with

zim /’C  exp{(N/a)G(2)} dz = exp{(N/a)GOw) - O L log NV + Op(loglog N) .
o (3.12)
where

N
G(\) = B — %Z log(A1 — Aj). (3.13)
j=2
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The proof requires bounds on the derivatives G(l)()\l),l = 1,2 given in Lemma and
proved in Section by reduction to G (2), which was studied in [JKOP20).

In the boundary case b = 0, the contributions of '3 and K1 U9 are of the same order of

magnitude, so we consider instead the contour of the steepest descent. We establish upper
and lower bounds on the integral and recover the right-hand side of Eq. (3.12)) in this case

also.

The analysis of G (A1) is based on the approximation
N N
D log(A1 — Aj) =D log|2 = Aj| + N(Ar — 2) + Op(1). (3.14)
j=2 j=1

The right-hand side sum can be handled by Proposition The A; terms in Eq.
and Eq. both contribute to Tracy-Widom fluctuations. The last part of the argu-
ment hinges on the asymptotic independence of A\; and N ! Zévzl log|2 — A;|. This result
is stated for Gaussian matrices in Proposition [3.4] and extended to Wigner matrices in

Proposition (3.1

Independence of the largest eigenvalue from the linear statistic

The following results, established by Alexei Onatski and Yegor Klochkov in |[JKOP21]
Proposition 5.1], is vital for understanding the limiting distribution in the b > 0 case.

We state it here and extend it to the Wigner case in Proposition [3.17}

Proposition 3.4. For GUE (o =1) and GOE («a = 2) the random variables

£y = N/2 — %logN—Zéyzllog]2—Aj|
\/ 5 log N

are asymptotically independent in the sense that (&1n,&an) = (XN, YN) + op(1), where Xy,

and &N = N?B3(\ - 2)

and Yy are independent Op(1) random variables.

The proof of this, which appears in [JKOP21} Section 5] relies on the tridiagonal repre-
sentation of GUE and GOE matrices — showing that Yy asymptotically depends only on
a minor of order NY/31log® N while Xy asymptotically depends only on the remainder of

the matrix.
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3.3 Negative-critical regime

For the case b < 0, we deform I so that it is the vertical line passing through 4, a point
in R that approximates the critical point 7 of the function G(z). Note that

where % Zév:l ﬁ is the negative of the Stieltjes transform of the spectral distribution of
M,. For z > 2, it must converge to the negative of the Stieltjes transform of the semi-circle

law, that is to
z—Vz22 -4

—mg(2) = 5

Solving 3 4+ ms.(z) = 0 for z when f3 is given by

B=1+bN"13/logN, (3.15)
we obtain z = 4 + o( N~1%¢) for any ¢ > 0, where

4=2+b>N"231ogN.

Lemma 3.5. Suppose that b < 0. Then

A_ exp{a[G() }dz_z,/ N2/3 (14 op(1)).

—100

lojgvz 7 3N , we represent the integral as

ilog/* N oo N 1og1/4N R

Using the Lagrange form of the remainder in the Taylor expansions of the real and imaginary

Proof. Changing variables z — 4 + it

parts of G(z) — G(¥), we arrive at the following inequality

a3
G(:) - G(3) -G 3) e —7) - 36" () (= - 3] < B

sup |G Q). (3.16)
(—4€iR

Note that the event & = {§ — A1 > %N ~2/31og N } holds with probability arbitrarily close
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to one for all sufficiently large N. On &, the latter supremum is no larger than |G"'(9)]

because, for any z € (§ — 00,4 +100), |2 — A;| ™ < (¥ — A\;) 7. Hence, we have

Clog/tN 1 2log1/2N < |t|3log3/4]\7

+ G ()t NiB | S BTWW(’W,

where 14
~ . log"* N .

The following lemma is established for Gaussian matrices in [JKOP21| Section 6.2] and

extended to Wigner matrices in Section

Lemma 3.6. Denote the I-th derivative of G(z) as GY(z). Then,

2bN~310g'/2 N + op (N—1/3 log~1/4 N) for b>0,

G'(%) =
op (N_1/3 log_1/4 N) for b <0,
2[-3
Doy (20— 4)! N3
GV H) = (1) oo sy (er). bA0Iz2 O

This lemma and the inequality that precedes it yield, for any fixed C' > 0,

/_C(; exp {]zé(t)} dt =(1+op (1)) /_C(; exp {—4;2“)‘ } dt. (3.17)

Further, for any ¢t € R, by definition,

itlog/* N
N3 (5 = )\))

1 Y 2log!/? N
= —— logll4+ —>—-—5|.
N 2 g( N3 (3 — )2

We will use the elementary inequality log(1 + 6) > /2 for § € [0, 1]. Conditionally on &y,
for all |t| <ty = % log®/* N, we have

t2log"/? N N
O 4NY/3 j=1

12 logl/2 N

NReG(t) < AN

(F=X) 2= G"(4).
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Using Lemma we conclude that for all |t| <ty = % log®/ N,

2

NReG(t) < —8t|b‘( +op(1)).

Therefore,

/_;(j exp{];]@(t)}‘dt—i-/;N

Since C' can be chosen arbitrarily large, equations Eq. (3.17) and Eq. (3.18) yield

IHINNT g AN (N ilog/4 N
A e gy P {a[G( ) — }dz =2 F A (LHoe(l). (3.19)

o 2
exp {Zé(t)}‘ dt < (1+0p(1))8|2|, exp {—8|Cl;|a} . (3.18)

It remains to show that the contribution of the remaining parts of the integral is negli-

gible. Clearly, it is sufficient to prove that

/OO
tN

for arbitrarily large fixed k. Note that Re G(t) is a strictly decreasing function of t € [ty, 00).

N2
/tN

exp {Zé(t)}’ dt = op(N7F) (3.20)

Therefore,

exp{];[@(t)}‘ dt < N?exp {JZReG(tN)}

b3 log®? N
< N?exp {—H?an(l +op(1))

= op(N ")

for arbitrarily large fixed k. For t > N2, on the event (¥ — Axy)? < C that holds with high

probability for some constant C, we have

1

~ 21001/2
NReG(t) = —- j,vzllog<1+ " log N)

NAB(H = )j)?

<N 2log'/? N
- 9 08 N4/3C )
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Therefore,

— e (1+0p(1))
N - [e%) t2 lOgl/2N 2a( i
exp{aG(t)Hdt< /J\]2 <]V4/3C' dt—OP(N )

oo
i

for arbitrarily large fixed k as well. Hence, Eq. (3.20]) indeed holds.

Now we are ready to prove the following theorem. Recall that Fy v = 55 10g Za, N,
where Z, n is as defined in Eq. (3.6). We will omit subscript a from the notations, to
simplify them.

Theorem 3.7 (Negative-critical regime). Suppose § = 1 + bN~1/3 log'/? N with b < 0.

Then,
N

\/ 15 log N

Proof. After rearranging Eq. (3.6]), we have

log N
12N

(FN_le52+ )i>/\f(o,1).

1 A+ico N
2NFy = alogCny + NG(%) + alog%/ exp {Q[G(z) - G('Ay)]} dz.
2l

—ioco
For the first term, using Stirling’s formula,

\/%(N/Q)N/a—lﬂe—N/a
(NB/a)Nle~t

alogCy = alog +o(l)=—-N(1+ logﬁ)—i—% log N+0O(1). (3.21)

For the second term we have

N
NG(4) = NSy = log(§ — A;)
j=1

— 28N 4+ B2N"Y310g N + 5% log¥/? N — Z;V:l log(4 — ;).

For the third term, using Lemma, [3.5

y—ioo N R 200
alog —/ exp {a[G(z) - G(’y)]} dz = —?logN + Op(loglog N).
gl

Y —ioco

Combining the three terms, we obtain

INFy = N(—1—log 8+ 2B) + b*N'/31log N + b3 log¥2 N — %logN
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N
— Z log(4 — A;) + Op(loglog N).
j=1

Let

N
N 2 a—1
Nén =D log(d — Aj) — 5 - B’ N'/3log N + §|b|3log3/2 N+ ——logN.
i=1

On &y, we have that \; < 4, and so Ny a.a.s. satisfies the conditions of Proposition [3.2
with oy = b?log N. This means that

Néy/ %ng 4 N0, 1). (3.22)

Combining the last two displays and noting that

log®/?2 N
ngT = (,8 - 1)3,

we get (for b < 0)

log N
6N

2NFy :N(26—logﬁ—;+1(ﬂ—1)3

3 )—N£N+Op(loglog]\f).

Using the Taylor expansion

1 1 _
logf=(B-1)=5(B-1)"+3(8-1)*+o(N7)
in the previous display, we obtain
N log N
2NFy = 47 - % — Néy + Op (loglog N) . (3.23)

On the other hand, recalling Eq. (3.22)) yields Theorem and hence the negative critical
part of Theorem O
3.4 Positive-critical regime

The vertical contour passing through 4 will not work when b > 0 because G’(%) becomes

non-negligible. As a result, the function G(z) oscillates quickly along the vertical contour
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Im(2)

Figure 3.1: Contour of integration for positive b

near 4. Instead we use contours crossing the real axis closer to A;. To this end, we consider

the nonsingular part of G at A; and define

. 1 Y
G\) = BA1 = 5 D log(A — ).
j=2

Proposition 3.8. Ifb > 0, then for both a = 1,2,

1 /Kexp{(N/a)G(z)}dz = exp {(N/a)@()\l) |« ; 1)

. logN—i-OP(loglogN)}.
2mi

For b > 0, we consider the vertical “keyhole contour” I, Fig. which is symmetric

around the real axis and has the following form above the axis:

Kt =K{uKsuky,
with ICIr being a semi-circle with center at A\; and small radius e, IC;r being a horizontal
segment connecting p = % and A\; — ¢, and lC;f being a vertical ray starting from pu.

In the complex case, o = 1, the integrand is analytic away from Aq,..., Ay, and so
the contributions of Kj and K, cancel. On the other hand, in the real case, a = 2,

exp {(N/a)G(z)} has a square-root-type singularity at z = A;. Hence, the contribution of
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K1 to the integral [i-exp {(N/a)G(z)} dz converges to zero as € — 0. To summarize, let

In = — /K exp{(N/a)G()}dz,  Inj = 2% /’C exp{(N/a)G(2)} dz.

- 27

Thus, as € — 0 we have for both a = 1,2
I =INo+ Ing.

Let
a—1

3
When b > 0, we establish Proposition [3.8]in Section by showing that

Ano = exp{(N/a)G(\) — log N'}.

IN,a = AN,Q exp{Op(log log N)}, IN73 = OP(IN@).

The b = 0 case is more delicate. The keyhole contour yields both Iy, In3 = An,q exp{Op(1)}
which suffices for the upper bound for Iy. Since the Op(1) terms are in general complex,
some cancellation between Iy, and Iy 3 cannot be excluded, so further argument is needed
for the lower bound. In Section[3.4.2]a separate argument using the steepest descent contour

yields the required lower bound.

The following lemmas established for Gaussian matrices in [JKOP20, Proposition 4] and
[JKOP21, Lemma 4.2] and extended to Wigner matrices in Sections and provides
bounds for G'(A1) and G”()\;) used throughout the argument.

Lemma 3.9. Let Ay > -+ > Ay be the eigenvalues of a critically-spiked Gaussian matrix
and let C' € R. Then

1

1
N]; 2+ AN2/3 — )\

1 1

N; (24 AN—2/3 — )\))

N
=14+ 0p(N"'V3),  and S =Op(N'?).

Lemma 3.10. Let Ay > --- > Ay be the eigenvalues of a subcritially spiked Wigner matriz.
Then,

1 _ ~1/3 iN 1 _ 1/3
Nz/\l_)\j—l—i-Op(N ), and NjZQ()\l_)\j)Q—Op(N )
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3.4.1 Proof of Proposition for b >0

Lemma 3.11. Suppose that b > 0. Then for a = 1,2 we have
INo = AN, exp{Op(loglog N)}.

Proof. In the complex case, Cauchy’s integral formula yields Iy = exp{N G (M)} = AN,

since K1 encircles only A1. The rest of this proof is devoted to the real case. First, consider

1 1 —1 N
%/Imn,exp{uv/z) (2)} dz = 2m/‘l‘?l_yex {By—Zlogy Y }dy

1 ™ N3y 1&
— [ S22 2N og(y — ) ¢ dy.
"o, meXp{ 2 24 o8y = Aj) o dy

Changing variables y — = = A1 — y, we obtain

27i

1 1R NB(M —2) 1& |
9 /IC;uICQ‘ exp{(N/2)G(z)} dz = ;/0 7 {2 - QjZlog()q —Aj — a?)} dx

= exp { (N/2)G(\)} T,

175201 N, 1J z
7Z=— — ——pr——=>» 1 1-— dz.
7T/0 ﬁexp 25:5 QJZ_:Q og( )\1—)\]') x

where

Since 0 < —log(l —y) —y <y?for 0 <y < 2, we have for some & € [0, 1],

N
Xz
—NBx — log [ 1— =—-Npz + +
5 zg( o) - z gz L
= N3z —b\/logN +wiy) + §N4/3x2w2+N,

with random variables wiy and wyy > 0 both being Op(1) from Lemma Setting
y = N?3z and 63 = N?/3(\; — X\2)/2 = ©p(1) (by Eq. (3.11)) and noting also that
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wWiNY + {w;Ngf is uniformly Op(1) for 0 < y < 63, we arrive at

Op(1) 105 1 d I >
_¢ _= dy _ ] N3 p1/2)pgl/A N
7= N1/ /0 exp{ 2by\/log]\f}\/y— 0p(1) - O
N1/3 o

In what follows, we define G(u) = limy—, 10 G(p + it), i.e., as a continuation from the

upper-half plane, so that we have log(A; — 1) = log |A\1 — u| + 7i.

Lemma 3.12. For b > 0, we have |In3| < Anq exp{—@NLl;gN + Op(l)}, where Oy =
N2?/3(\; — X\2)/2 is a non-negative Op (1) variable.

Proof. 1t suffices to bound

o= 9 [ el (V)G = o [T el (V/a)Glu +i0)}

as the analysis for I3 is analogous using G(z) = G(z). Let G(t) = G (n+it) — G(n). We
have

Tl < 5 exp{(N/a) GO0} v Ky, (3:24)

with
I = exp{~(N/)lGA) =Gl Ky = [ exp{(V/a) RelG(0)]} dt.

First we compare G/(\;) and G(y). Since log(u +1i0 — A1) = log[(A1 — X2)/2] + i, we

have

A A1 — A2 - 1A — Xo
NIG(\) = G)] = NB(\ — p) +log =—— +mi+ ) log |1—5—= ).
j=2 1=

For 0 <t < 1 we have that |log(1 —t/2) + t/2| < t2. From Lemma we then have

N —
D log|1-— =2l —M[l + Op(N7V3] + N\ — A2)20p(NY/3).
P 2A1 — A\ 2

In addition, 20y := N?/3(\; — \3) is a ©p(1) variable, and so log(A; — Xg) = —2log N +
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Op(1), and

N 2 N

N - Ao) byIogN 2
_ N = o) bylog ~ Zlog N +0p(1)

N[G(\) = G(w)]

2 N1/3
= —% log N 4+ Onby/log N 4+ Op(1). (3.25)
Thus
by/log N
| = exp{(2/3) log N — Oy~ =2 + Op(1)}. (3.26)

We turn to K in Eq. 1' Fix k > a and let Wy = max;<y N2/3])\j — pt|. Neglecting

negative terms, we have

N ReG(t) 1§:Ig(1—|— r )< klg(l—i— r )
e =—C 0 —— | <—-lo ——— |
24 (n=A)° 2 WRN—4/3

Since Wy is a Op(1) variable from TW convergence and Lemma (iii), we have

+oo —k/2a
Ky < / (1 +W§2N4/3t2> P2 (3.27)
0

o 2
= WNN_2/3/ (14 s%)7*/22qt = exp {—3 log N + op(1)} . (3.28)
0

Combining Eq. (3.26) and Eq. (3.27)), for each case o = 1,2 we arrive at

-1 by/log N
|IN[ KN SeXP{—(a )10gN—9NZg+OP(1)}-
Together with Eq. (3.24]), this yields the lemma. O

3.4.2 The case b=10

In this section we use the steepest descent contour to show that In > Ay o exp{Op (loglog N)}.
When combined with the upper bound already established in Lemma[3.11] this yields Propo-
sition 3.8 for b = 0.

Let I" denote the contour of steepest descent of G(z). For z = x + iy € T,

0=Tm[G(e)] =y — 1 Do ara((x — ) +iy).
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Figure 3.2: Curve of steepest descent of G(z) near A;.

From this equation, we observe that I' is symmetric around the real axis.

Next, observe that for a fixed imaginary part y > 0, arg((x—\;)+iy) is strictly decreasing
with z. Hence, G(x+iy) can have at most one root for any positive y. By symmetry around

the real axis, this also holds for y < 0. This means that it is possible to parameterise
r={Tt):0<t<1}

so that Im I'(¢) is increasing in t.

Moreover, we can see that I'(07) = —oco — ir and I'(17) = —oo + im. Therefore, I' must

have upper-bounded real part, and so
/ exp{(N/a)G(2)} dz — / exp{(N/a)G(2)} dz.
K r

To continue, we need one last result about I', which formalizes the notion that I passes

above \; at a distance of roughly N—2/3:

Lemma 3.13. The function

AlgAj)

N
fly) =Im[G(M\ +1iy)] =y — % — % Zarctan(
=2
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has a unique positive root yo. If ay — oo such that ay = 0(N2/3), then a.a.s.

N—2/3
—<ws N=2Bgy. (3.29)

= —7/(2N) and limy_, f(y) = oo.

Proof. Notice that, over [0,00), f is convex with f(0)
In particular, this means that it has a unique positive root, which we will call yg.

We will show that f(N~2/3ay') <0 < f(N~?/3ay) a.a.s., which implies Eq. (3.29).

Let y_ = N*Q/?’ax,l. Using arctan(z) > x — 22/4 for x > 0 and then Lemma we

have
1)+ﬁN1 s
A=A 4N = (A — )\j)Q 2N
_9/3 _ _ 1 _ - T
- N Q/SGNIOP(N 1/3)+ZN 4/3aNQOP(N1/5) _ ﬁ

1 N
J-)<y-(1- 5

Jj=2

__ T -1
= 2N+OP(N )

Thus f(y—) <0 a.a.s.
Next, set y, = N~%/3ay. Now, some 3, /(A — A;) terms will diverge to oo and so the

linear approximation to arctan is not helpful. To handle these cases, we define

j* = max{; Alij\j >1+ 2}

=#{ >0 - (1+ g)ilaNN_w?’}.

The significance of the 1 + 7/2 term is that © — arctanx > 1 for = exceeding 1 + 7/2,

and hence
Y+

Y+
t < — 1,<ix.
arc an()\l — )\j> =N _)\j §<j

We observe that, since \; — 2 ~ N~2/3 <« ayN~2/3 we have a.a.s.

s - Sy L 1 —-2/3
J 2]0_#{]-)\J>2_§GNN }

Using part (iv) of Lemma we have a.a.s. that j* > jg > C’ai/2 for some C > 0.
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Consequently

3/2

Since, a.a.s., j* > Cay”, this means that f(y4) > 0 for large enough N.

We have thus shown that for large N, with high probability, f(y-) < 0 < f(y+), and
the result follows. O

Having established necessary results about I', we also define 2y = A1 + iyg and
Ip={z€eT:|Im(2)] <o}

Since I' can be parameterized with increasing imaginary part, this curve is connected.
Using the fact that G(z) is purely real on I' together with the parameterisation of T’

with increasing imaginary part, we have that

2

/ (N/@)[G()-GO0] g, > - / e (N/@) Re[G(2)=C )] g
21 Jry

> @B(N/a) Re[G(Zo)*é(/\l)L (330)
T

since the integrand is minimized on I'y at the endpoints zg, Zg = A1 £ iyo.

Appealing again to Lemma we obtain for o = 1,2

R 1 2
log yo + (N/a) Re[G(z0) — G(A1)] = logyo — —logyo — 5~ Zlog yiog
(/\1 _)‘])
1 p® X

> (1_a)10gy0—2§

= (a 1) log yo — y—20 (N4/3). (3.31)
2 2c
a—1

> —( 3 )logN+Op(loglogN)
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since N_2/3/ log N < yo < N=2/3/Ioglog N a.a.s. according to Lemma,
Inserting this bound into Eq. (3.30)), we obtain

1/ eWN/@G(=) 4 > exp{(N/a)é()\l) - (QT_l) log N + Op (loglog N)},

2mi Jr

which is the lower bound required to complete the proof.

3.4.3 Limiting law in the positive-critical regime

Theorem 3.14. Suppose that § =1+ bN~1/3 logl/2 N with b > 0. Then

N log N 3
(FN B+3 Liog ﬁ+f = )$N<0,1>+\fabTW2/a

\/ 15 log N 12N

with independent N'(0,1) and TWyq.

Proof. From Eq. (3.6) and Proposition we have
A ala—1)
2NFy = alogCy + NG(A\1) — —5 log N + Op(loglog N). (3.32)

The behavior of N é’()q) is governed by the approximation
Zlog A — Zlog 12— X\j| + N(Ap —2) + Op(1). (3.33)
j=2

To verify this, let Ay denote the difference between right- and left-hand sides, without the

error term. We set

1 N
Ay =S N(2—-\
N N+ 1{ %:)\1 )\] }
ol 2 -\
SN:ZXN,]H XNJ:log]2—/\j\—log()\1—)\j)— .
= IYDY

The second term of Ay is Op(1) from Lemma and the Tracy-Widom limit. For
each fixed j, Xy ; = Op(1) since both |2 — ;| and A\; — \; are Op(N~%/3), the latter by
Lemma part (iii).

To show that Sy is Op(1), we use convergence criterion C2 of Section First, we



64CHAPTER 3. SPIN GLASS TO PARAMAGNETIC TRANSITION IN THE SSK MODEL

argue that for each ¢ > 0, there exist k = k(g), C = C(¢) > 0 such that the event
En={M<2+CON3 )\, <2-CN %3

has P(&. n) > 1 — ¢ for large enough N. Indeed, Tracy-Widom convergence provides C;
such that \; < 2 4+ C.N~2%/3 with probability at least 1 — £/2. Lemma part (ii) and
Markov’s inequality show that P(\, > 2 — aN~%/3) < C,/k. With = C., this can be
made at most £/2 by choosing k() = [2C;/e]. Hence P(E n) > 1 — €.

Let Sn,1(e), Sn2(¢) denote the sum in Sy restricted to j < k(e) and j > k(e) respec-
tively. On & v, the sum Sy 1(¢) has a finite number of Op(1) terms and so is itself Op(1).
Also on &, y, observe that (2—X1)/(A—A;) > —3 for all j > k. Since |log(1+z)—2| < Cy2?
for x > —% and some C7 > 0, we have the bound

al 1

2
[Sn2(e)] < Ci(A —2) ]2_:2()\1_)\])2

= Op(l),

from Lemma and the Tracy-Widom law. This completes the proof of Eq. (3.33).
Returning to N@()\l), using Eq. (3.33) and 8 —1 = bN~/310g'/?2 N, we obtain the key

decomposition

A

N
NG(A1) =2NB+ NB(A —2) — > log(A1 — Aj) (3.34)
Jj=2

N
=2NB - log|2 — \j| + by/log NN*3(\; — 2) + Op(1)
2

N
2
=2NB - log|2— \j| — 3 log N + by/log Né&y + Op(1), (3.35)
1

after adding and subtracting log [2—X1| = —2 log N+Op (1) and setting &y = N2/3 (A —2).

Combining this with Eq. (3.32) and Eq. (3.21)), we obtain

N
ONFy = N(~1—log 3+ 283) — %logN — Y log[2 — Aj| + by/log Néaw + Op (loglog N),
1

where we note that the coefficient of log N, namely %a — % - %a(a — 1), reduces to —%

when a« =1 or 2.
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Let
a—1
6

. N N
NgN:21og12—Ajy—5+ log N.
j=1
Combining the two previous displays we obtain (compare Eq. (3.23]))

logN .
981 _ Néy + by/log Néaw + Op(loglog N).

2 =3 (2 togi 4 29) -

Now rewrite this as

3 1 log N b
NFN—N(——logﬁ—i—ﬁ— o8 >+ L log N &y + o/log N oy + Op (loglog N),
1 2 12N ) TV 12 2
(3.36)

where we set &1y = —NEN/,/%logN.

By Proposition (&1n, &) are asymptotically independent and &y 4N (0,1),
whereas & 4 TWjy,o . More precisely, there exist independent variables (in,(2n such
that ;5 = (jn+op(1). In this case marginal convergence §;n 4 &; suffices for convergence

&N + cbon 4 &1 4 c&o. This completes the proof of Theorem and thus of Theorem

in the positive critical case. O

3.5 Extension to spiked Wigner matrices

Here we extend the results that were proven above for the G(U/O)E cases to the Wigner case
with a subcritical spike. The general strategy is much the same as in Section [2.3] Indeed, in
this section we will make extensive use of Proposition generally, and Proposition 2.10]to
conclude results about the joint convergence of the largest eigenvalue and log-determinant.
Throughout the remainder of this chapter we denote by Wy a matrix from GUE (o = 1)
or GOE (a = 2) and by W}, the corresponding real (o« = 1) or complex (o = 2) Wigner
matrix, that satisfies a specified subset of the conditions W1-W4.
In order to complete the proofs we also need to add a subcritical spike. For fixed
J €[0,1), consider the matrix
My =Wy + Jvv*, (3.37)

where v is arbitrary unit vector from CV (from RY if & = 2). Below we denote by

A1 > -+ > Ay the eigenvalues of Wy, by \] > --- > X} the eigenvalues of Wy, and by
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p1 > -+ > un the eigenvalues of My. We transfer the properties of W) to My using the

Cauchy interlacing theorem
p1 = A > >N > >y > Ny

In addition, we will rely on the stickiness of the top eigenvalues of Wj, to its deformed

counterpart Mpy.

Proposition 3.15 (Stickiness of top eigenvalues). Suppose Wy satisfies W1 and W3 and
fix arbitrary € € (0,1/6). Let J € (0,1) and My = W) + Jvv* for a unit vector v. Then,
w.0.p.,

V= —14+2¢
max|p = Xj| = O(N ).

The above bound is stated in [KY13b] for a constant number of top eigenvalues and

extended to up to N¢ eigenvalues in [JKOP21| Section A.2].

3.5.1 Distribution of largest eigenvalues

Proposition 3.16. Let u1 > -+ > un be the eigenvalues of a subcritically-spiked My as
in Eq. (3.37) and the Wigner matriz W satisfies W1-4. Then, for any k € Zxo,

wlro

2
(N3 (= 2),...,N3(up —2)) S (TW2 1, TW2 ),

where (TW 2 j)lgjgk is the joint limiting distribution of the k largest eigenvalues for a GUE
(a=1) or GOE (v =2).

Proof. Let &y (W) = N2/3(\;(W) — 2). The convergence in distribution of &5 = &x (W)
to & = (TWgJ, .. ,TWg,k) is established, e.g., in [AGZ09, Theorem 4.5.42]. We use the
swapping corcz)llary Propoasition to carry this over to convergence of £y, = &x (W) ): the
key step is approximation by the Stieltjes functional g(W, E) below, and then use of the
derivative bounds in Proposition

Introducing the rescaling E(s) = 2 + N~2/3s, we may write
H{én,; (W) = s} = H{Nw(E(s),00) > j}, (3.38)

where Ny (E, 00) denotes the number of eigenvalues of W that fall into the inverval (E, co).
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Let Eoo = 2+ 2N~2/3+¢ = N—2/3-9¢ 4nd

N

Ex
oW, B) = — [ Tmsw(y + in) dy.
T JE

Under our assumptions on W = Wy, W, Corollary 17.3 of [EY17] says that for |E — 2| <

N—2/3+¢ and ¢ = %N —2/3—¢ and with overwhelming probability, we have inequalities
Nw(E +£,00) — N ¢ < g(W,E) < Nw(E —£,00) + N~°. (3.39)
Let G; be a smooth increasing function such that

1 ifz>j—1/3,
Gj(r) =
0 ifz<j—2/3.

From Eq. we have w.o.p. for W = Wy and Wp that
HNw(E +£,00) > j} < Gj(g(W, E)) < {Nw(E - £,00) > j}.
Applying this with E = E(s;) + ¢ along with Eq. , we obtain
Hen (W) = 551 = Gi(g(W, E(s5) +€)) =2 H{En;(W) =2 55 + N7} (3.40)

Setting Q;F(W, s) =1-G;(g(W, E(s;)+{)), we obtain bounds Eq. . Bounds Eq.
follow analogously with Q; (W, s) =1 — G;(g(W, E(s;) — {)).

The functions Q]i(, s) satisfy Proposition (2) with &; 5y = N~Y/3+0() and hence
also condition F. Consequently the joint convergence for &€y, = &x(W),) follows from Propo-
sition 2101

The result follows for subcritically-spiked Wigner matrix My = W}, + Jvv* applying
Proposition so that

(N%<”1_2)7””N%(“k_2)):(N%(Xl—2),---,N%()\'N—2))+0p(N*1/3+25), 0

3.5.2 Proof of Lemma [3.3

Let Wy, W}, My be as described in the introduction to Section This proof will proceed
by proving each part first for Wy, and then extending the result to Wy, and last to My.
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Part (i): For each of Wy, Wi and My, this follows from the convergence of N2/3(\; — 2)
to TWy/, shown in Proposition

Part (ii): For GUE, this follows from the one-point function decay bound Eq. (3.10) and
Eq. (3.8) applied to the counting function statistic built from fy(A) = 1{\ > 2 —zN~1/3},
The extension to GOE follows from the comparison bound Corollary [2.6]

To extend this result to Wy, we re-use several definitions from the proof of Proposi-
tion In particular, for € > 0, Es = 2 + 2N2/3%¢ and n = N~2/3-9% define

Ex
g W, E) = N/ Im sy (u+ € n) dy.
E

Following with £ = 2 — zN~2/3 — ¢ we have that, W.0.p.,
_N-2/3 19 _ .N—2/3 _
Nwr (2 =N "5/7,00) < g(Wy,2 —aN 0),

g(Wi,2 — 2N~ — 1) < Ny (2 — zN~23 — 20, 00).

Moreover, since each of NW]/V(2 — xN72/3) and Ny, (2 — £N~2/3) are almost surely
bounded by N, it follows that, for any A > 0,

ENy (2 — 2N /3, 00) <Eg(Wy,2 — aN**) + O(N~4),

Eg(Wy,2 — xN723 —0) <ENw, (2 — 2N~3 = 20,00) + O(N™4).

Last, we apply Proposition m part (3) to conclude that g satisfies condition F'(dy)
with oy = O(N~Y3 4 O(¢)) and so, by Proposition

Eg(Wx,2 — xN"2/3) < Eg(Wy,2 — aN~2/3) 4 O(N~1/3+0()),

This completes the inequalities and renders

ENjy; (2 — 2N 73, 00) <ENwy (2 — (z+ N"°)N "% 00) + o(1)
S ENwy (2 — (2 + )N /3, 00)

< Crt1
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By interlacing of the eigenvalues of W}, and M, we have that

ENiy (2 — 2N 7%, 00) < B[Ny (2 — 2N, 00) + 1] S Copr + 1.

Part (iii): Consider the operator

2

—@ +T+V 20(B/($),

H2/a =

where B’(z) is the derivative of the Brownian motion on (0,00), and the operator acts
on some Hilbert space L, which consists of continuous functions supported on (0, c0), see
p. 308 in [AGZ09|. The following result is Theorem 4.5.42 in [AGZ09| for the special case

of just the two top eigenvalues,
(N2 = 2), N0z = 2)) % (=Ao, —Au), (3.41)

where Ag, Ay are the bottom two eigenvalues of random operator Hy/,. In addition, in
[AGZ09, Lemma 4.5.47] it is shown that the operator has simple spectrum with probability

one. This implies (iii) for Wy

But we know from Proposition that (A}, \y) and (u1, pe) also have the same limiting

distribution, so the result also holds for Wy and My.

Part (iv): Lemma 2.2 of |Gus05] yields that, in the GUE case,
E#{j: \j >2—byN"23} > 652,
while lemma 2.3 of the same paper shows that

Var(#{j : \; > 2 — by N~2/3}) <logby:.

The function fy(\) = 1{\ > 2 — byN~2/3} has TV(f) = 1, and Corollary yield

mean and variance bounds of the same order in the GOE case.

A Chebyshev bound completes the proof for Wy, yielding in either case that, for some
constant C,
P(#{j: \; > 2—byN"2/3} < Cv¥?) > 0.
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To extend this result to W}, let C' be such that a.a.s.,
. _ 3/2
B0 N — by NT23Y 2

Assume without loss of generality that Cb?’f cZ.
Let G be a smooth increasing function such that
1 ifz>Cb?+1)2,
G(x) = 3/2
0 ifz <COby".
According to Proposition[2.14(3), this satisfies condition F(Jy) with 6y = O(N~1/3+0@)),

Since |(2 —byN~2/3) — 2| < 2N~2/3+2 we have by the equivalent of Eq. (3.40) together
with Proposition [2.9] that

PN (2 b5, 0) > CH)
> EG(g(Wy,2 — by N3 +0)) + o(1)
> EG(g(Wx,2 — byN~3 4 0)) + O(N~1/3+06))
> PNy (2= by N2 +20,00) > Cb* +1/2)
= PNy (2 — (by — 2N 5)N~2/3 00) > C(by — 2N )N ~2/3)

— 1,

where the inequality in the second-last line follows from the fact that C’b%2 eZ.

The spiked case follows from the fact that each p; > )\;-, and so

WGy — by N"23Y > 85 N — by N~2/3) > 032,

3.5.3 Asymptotic independence of log-determinant and top eigenvalue

Proposition 3.17 (Asymptotic independence). Let Wy be a Wigner matriz satisfying
W1-4 and My is as in Eq. (3.37). Define

Ty (—log|det(W — 2)| + p),
N3\ (W) —2).

Sn(W)
Ean (W)
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Then, &1n(My) and Eon(Mp) are asymptotically independent with limiting distribution
given by

(Ein (M), Ean (M) % N(0,1) x TWo,, .

Proof. First we consider the case where J = 0, i.e. with W} in place of My. In this
case, this is an immediate consequence of Proposition and previous arguments for the
log-determinant in Theorem and the largest eigenvalue in Proposition Indeed, in
the proof of Proposition 2.17, we show that

&nv(Wh) = 73" (90(WR) — fiv) + op(1),

where for yx = N=2/372¢ with £ > 0 small

NlOO
go(W) = / Im sy (2 + in) dn, in = pn + N log(N0),
il

N

It is enough to consider joint convergence of
SN(W) =713 (go(W) — i) and o,

since (&1n(WR), &an(WR)) = (=&n(WR), Ean(WR)) + op(1).

In Propositionwe set QT (W, s) = GE(go(W)), and Q5 (W, s) = 1 —G1(g(W, E(s) +
¢)). We use Eq. and Eq. and their analogs for Q; to establish Eq. ,
Eq. , and conditions F'(; n) follow from the respective previous arguments.

Convergence of the G(U/O)E versions ({1n,&2n) N N(0,1) x TWy, is established in
Proposition and the conclusion for (&), &5y) follows now from Proposition m

As for the spiked case, eq. (95) of [JKOP20] shows that &nv(My) = Snv(Wy) +
op(1) for a fixed J € (0,1). Moreover, thanks to the stickiness property of Proposi-
tion we also have Sy (My) = San(W)) + op(1). Therefore, the limiting distribution
of (&1 (Mp),&n(Mp)) does not change as long as the spike is subcritical.

3.5.4 Inverse moments
Proposition 3.18. Let Wy, be a Wigner matriz satisfying W1-4 and My be as in Eq. (3.37)).

(a) (Wigner extension of Lemma Let b # 0, and define 4 = 2 + B2EN5 log N. For
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=1+ bN_%\/log N, define the function

1 N
Gy (2) = Bz — = > log(z — py).
N Z

Then, forb#0 and [ > 1,

2b, N~3log2 N + op(N~3log"1 N) ifl=1,

GS\I}N (%) = j@-a) (N5 \E3 , (3.42)
(=1 =2y (2|b| logh N) (1+op(1)) ifl=2
(b) (Wigner extension of Lemmal[3.9). Let C € R be fized. Then
= i\f: L 1+0 (N*1/3) and 1 i\f: 1 O (N1/3)
il _ o 7 1 _ 0w .
N2+ CN"F -y N (21 ONF — )2
(3.43)

First we rewrite Eq. (3.42) and Eq. (3.43) in terms of Stieltjes transforms. Since
Gw(z) = Bz — N1 SNV log(z — \;(W)), we have for | > 1,

GO(2) = BL(Il =1) + s\ V(2).

Suppose as usual that |E — 2| < 5y N~%/% and define

N
go(W) = N3 sm(EB) = (1= INT2B Y0 - B) .
j=1

For appropriate constants uy,on and random variables Zy, Eq. (3.42)) and Eq. (3.43))

can then be written as
go(Wn) = un + onZn, Zn =op(1l) or Op(1). (3.44)

Indeed, in the case of Eq. (3.42)), with £ =4, in Eq. (3.44]) we have

pun = —NY31(1 = 1) + b2 1og 3D N, oy=log™*N, L=
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and Zn = op(1), with ¢; = 1, ¢ = 1/2 and with the general form of ¢; visible in Eq. (3.42)).
In the case of Eq. (3.43), we take E = 2+ CN~2/3 and for | = 1,2 in Eq. (3.44) we

have
puny =—-NY31(1=1), oxy=1, Zy=O0p(1).

Thus Lemma and [JKOP20, Proposition 3] establish the validity of Eq. (3.44)) for
Wy drawn from G(U/O)E. We wish to carry this over to Zy = (go(Wj) — un)/on for
Wy a Wigner matrix satsifying W1-4. To do this, we approximate go(WW) by the Stieltjes

functional

g(W) = N~2/3+1 Re sg,_l)(E +in).

Lemma 3.19 (Approximation step). Let W be an N x N Wigner matriz satisfying W1-3
and let E € R be such that |E — 2| < N=35y. Lete > 0 and define n = N—573¢,
Then, for alll € Z~q, we have with high probability that

N30 gy = N=2/341 Re sl (B + i) + O(N 7). (3.45)

Proof. Let 9 = ¢/(I + 1). By eigenvalue non-concentration, there then exists a constant

d > 0 such that the event

EN:{ min \)\ — E| >N_’_E°}

1<j<N

holds with probability at least 1 — N~¢. The rest of the argument occurs on the event En.
Now, the function Z )l is holomorphic in the open disk {z : [z —E| < N~ 80}.
Since g9 < €, the vertical segment ~ connecting F to E + in lies entirely within this disk,

so the fundamental theorem of calculus applies, rendering

N
‘RQZE Aj +in)t ZE Aj) ‘—’Re/z (z— A l+1d’

j=1
ZWZ B - )\ |l+1

By Lemma this is O(N_%_?"E . N(%+€0)(l+1)+5)) = O(N%l_e) w.0.p. on Ey, from
which the result follows. O

Lemma says that g(Wy) satisfies Eq. (3.44) exactly when go(Wyx) does. So we
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carry out the Lindeberg swapping with g(W).

Let k > 0 and H : R — [0, 1] be a smooth cutoff function satisfying

1 if |z| <k
H(z) =
0 if |z| > 2k.

Let G(x) = H((z — un)/on), so that |GY)||o < bgv = O'N We apply Proposition M(Zl)
to G with by = 0&1 and to g with ay = N—1/3+0() and hence dy = N—1/3+0( ), so that
Propositionyields EG(g(Wy)) = EG(g(WN)) +0(0y). Write Zy = (g(WN) —uN)/on
and similarly for Z - We conclude that

P(|Zx| > k) = P(lg(Wy) — un| > ron)
< EG(9(Wy)) <EG(g(Wy)) + O(0n)
< P(|Zn| > 2K) + O(6x).

A similar bound holds reversing the roles of Wy and Wj,. Consequently 2& is op(1) or
Op (1) exactly when Zy is. From Lemma both Zy —Zy and Zj, — Z4; are O(N~¢) with
high probability. Thus Eq. (3.44]) carries over to Wp and so Proposition is established.

Inverse moments for the spiked case. Suppose that Wy = Wy + Jvv* has a spike
with a value J € (0,1). Let us show that Eq. (3.42)and Eq. (3.43) still hold for this case.
Let p; denote the eigenvalues of Wy in the descending order, and ); are the eigenvalues of
Wh.

Let v equals either 4 from Eq. 1) or 24+ CN~2/3 from Eq. 1j In addition, let ¢*
denotes the index of the nearest to v among eigenvalues A\;. Due to the interlacing property,

we have that 0 <~v —p; <~y — XA fore > and v — p; <v— X\ <0 for ¢ <™.
Then,

(v = Ae)TH (y = )™

||Mz

N
Z Y= i)
i=1

Using the classical eigenvalue rigidity results [see, e.g. BK18, Theorem 2.9] to count the

number of eigenvalues with index at lest i*, we find that for any € > 0 w.o.p.

N\ 2/3
O(N—2/3 logN) = (;\[) +0 (N—2/3+8(Z'*)—1/3) ’
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which implies i* = O(N¢). Therefore, using Proposition we have that w.o.p. |+ —
A\i| < N~143¢. Furthermore, by the non-concentration result from Proposition with
high probability, |y — A\y| = < N2/3+¢ Hence we obtain that, with high probability,

. - A = e\
(V=AD"= (y =)= (v = A)) lll_(1+7—)w) ]

_ O<N2l/3+ls)

1— (1 n O(N1/3+05))l]

_ O(N(2l—1)/3+05)'

Taking e sufficiently small, we obtain that for any L > 0,

N N
Stv=m) =3 (v = X) T +op (NP logTE N)
i=1 i=1
The inequality in the opposite direction can be obtained similarly by using pu; < A;41 and

additionally observing that (v — 1)~ = Op(1).

It is easy to make sure that the difference of op (N 2/310g=" N) between the spiked
statistics and non-spiked one is sufficient for Eq. (3.42)and Eq. (3.43]) to hold in the spiked

case as well.

3.5.5 Proof of Lemma [3.10l

Let us first consider the case of no spike, J = 0. To this end, let {\;} be the eigenvalues of

a Wigner matrix satisfying W1-4. We rely on Proposition [3.18|(b): for any fixed C' € R,
1Y 1
N Y2-2)t=1+0p(N"V3)  and ~ S (2-CN"3 - )\)2=0p(N?).
j=1 j=1
(3.46)
By the Cauchy-Schwarz inequality,

1 N 1

1 N 1 1 2—X\
NZJZQ )\1—)\j _NZJZQQ—AJ'

N
P (2=2)(A1 = A)

1

1/2
1 N 1 LN
. - 1 R -~ o
< |2 )\1‘ (N Zj:Q (2 - )\j)2> (N Zj=2 ()\1 — A

1/2
i)
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The bounds in Eq. (3.46) with C' = 0, along with Tracy-Widom convergence |[A\; — 2| =

Op(N~%/3) show that to establish Lemma for the case J = 0, it is sufficient to show
1 N 1 1/3

For this, we use convergence criterion C2 of Section [1.8] For each € > 0, Tracy-Widom

convergence, Lemma (i), yields a constant C' such that event Ex . = {\; > 2—-CN~2/3}

has probability at least 1 — & for large V. On this event,

2-CN723-); if)\;<2-CON2/3

M= >
A — Ao if \j >2— CN™2/3,

The number variable yn(C) = #{j : A\; > 2—CN~2/3} = Op(1) and \; — )y = Op(N~2/3)
by Lemma parts (ii) and (iii) respectively. Using also Eq. (3.46) we obtain, on En,

1 N 1 1 N 1 xn(C) 1/3
— - < = N .
N 2 (A —A)2 "N 2 2_CN28 N2 NOu— )2 Op (V')

This completes the proof of Lemma [3.10| for J = 0.

For J € (0,1), the lemma follows from the interlacing inequalities that link the eigen-
values of Wy = Wy + Jvv* and Wy, and from the fact that any finite number of the
largest eigenvalues of Wy are asymptotically distributed according to the multivariate
Tracy-Widom law (of type one for GOE and of type two for GUE), established in Proposi-
tion



Chapter 4

Limiting likelihood ratio

4.1 Introduction

In [LP21], the authors introduced a function that they called the stochastic Airy function,
and demonstrated that it captured the limiting behavior of the characteristic function of a
Gaussian matrix at the scale 2 + O(N~%/3),

This function of a real parameter ¢t and complex parameter A was defined implicitly as

the unique solution to the SDE
d@i(t) = (t+ N)oa(t) dt + ox(t) dB(2)

over L%(]0,00)), where B is a Brownian motion with EB(t)? = 2at.

More precisely, we have the following pathwise definition:

Definition 4.1 (Stochastic Airy function). Let B be a standard Brownian motion, A € C
and « > 0. Then, define the kernel

2 —

. Y 3a(B(t) — Bu) + At — ),

Ur(t,u) =

Let T € R and ¢y, co € C. The stochastic Airy equations are then the integral equations

t
Dr(t) = co+ | Un(t,u)a(u) du+ el (t,T),

oA(t) =1 + /Tlt P\ (u) du.

7
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There is, up to a constant multiple, a unique choice of (¢, ¢2) such that the corresponding
solutions (®,, ¢») remain bounded as ¢ — co. The multiple ¢;/c2 is then chosen in such a
way that as @ — 0, the ¢ — oo asymptotics of SAiy(¢) coincide with those of Ai(t + \) as
per [LP21, Eq. (1.7)].

The stochastic Airy function is then defined by

SAix(t) == oa(t)

for this choice of (c1, ¢2).
The main result of [LP21] as pertains to this chapter is then as follows:

Theorem 4.2 ([LP21, Theorem 1.1]). Let Wy be a scaled G(U/O)E. Let o = 1 iin the
GUE case and oo = 2 in the GOFE case. Let on be the characteristic polynomial of Wy and
let wy be the weight function defined by

1N\ 1
’LUN(Z) = ((277)1/46N222_N(NZ2)_1/12 ]]\YN> ‘

Define the scaled quantity
Un(A) = 2Ny (1 4+ AN"23/2)pon (2 + ANT3).

Then there exists a centered Gaussian random variable Gy with

EG2 = %ng +0(1)

such that as a random real-analytic function under the topology of locally uniform conver-

gence of the function and all its derivatives,

( EeCN

el AOVERNS R) % (SAix(0): A € R).

We will not directly use this result in this chapter, but we will use the machinery
developed in |[LP21] to establish similar results for Gaussian matrices with critical spikes.

For the characteristic function of a Gaussian matrix with a critical spike, the corre-
sponding limiting object is no longer exactly the stochastic Airy function, but instead, the

following modified version:
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Definition 4.3. Let SAiy(t) be the stochastic Airy function.
For b € R, we then define

sp(A) = —bSAi,(0) — SAi} (0).

Let o > 1 and let u* be the largest root of s5(\). We then define sga) to be the unique

function that is analytic on C\ (—oo, 1*] and satisfies

and sl()a) (z) > 0 for x € (u*, 00). We will refer to sl()a) as a spiked stochastic Airy function.

The existence and properties of these functions is discussed in Sections [£.3.2] and [£.3.4]

4.2 Main results

We begin by presenting a direct extension of Theorem to the critically-spiked case.
The joint convergence result of Theorem [4.4] is critical for inferring various results about
the critically-spiked scaled characteristic polynomial \IJE\Z}) from the corresponding unspiked

quantity Wy

Theorem 4.4. In the setting of Theorem let b € R and let WZ(\?O) = Wn+ (1+
)

boN*1/3)eleT be a scaled spiked Gaussian matriz with scaled characteristic polynomial \Ilg\l;o .

Then, under the topology of locally uniform convergence of the function and all its

derivatives,

EeCnN

W((\IJN(A),NV?’\I@@O)(A)) P AER) S ((SAiA(0), — SAL(0) — by SAiA(0)) : A € R).

(4.1)

Having established this generic result, we move to the investigation of quantities specif-
ically related to the likelihood ratio of two critically-spiked Gaussian matrices. To this end,
let b,by € R. Let Wx be a Gaussian matrix with spike 8y = 1 + boN /3 and call its

eigenvalues S\IiON > > 5\?\(} N-
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The main object of study in this chapter is the following object:

N 1 <bo
Iyp, = /’C exp{g [,Bz N Z:llog(z — /\j7N)} },
=

which is the critically-spiked version of the integral [, exp{(IN/a)G(z) dz} that was studied
in Chapter
In Theorem we will describe the limiting behaviour of this quantity in terms of the

stochastic Airy function:
Theorem 4.5. Let by,b € R and a € {1,2}. There exist

1. a sequence {Wn}n of random matrices whose eigenvalues are equal in distribution to
those of a GOE if « =2 or GUE if a = 1 and spike By = 1+ boN~Y3, and

2. a spiked stochastic Airy function s,()?) coupled with {Wn}n

such that, for any b € R,

2N 2bN?/3 s wia (@) \—
N2/3€Xp{—? — T}’g@g\l}o)(2)|l/a[b’bo 2} Keb / Séo)(w) 1d'U), (42)

)

where is a contour that runs from —ico to +ioco and passes on the positive side of ,ugljgo and

where cpg\l;o) is the characteristic polynomial of Wi .

This result will be the main tool used to find the limiting behaviour of the SSK model
at the triple point, and then to describe the limiting distribution of the likelihood ratio for

testing between two critically-spiked Gaussian matrices.

4.2.1 The SSK triple point

The results of Chapter [3] complete the paramagnetic-spin glass phase transition of the SSK
phase diagram show in Fig.

This leaves only the triple-point unaddressed. That is, in the notation of Egs.
to , we would like to know the limiting distribution of Fi, y where 3,J ~ 1.

Recall from Egs. (3.3) and (3.6 that F, v = (o/2N)log Z, n, where

Iy p,
27i

Za N = Ca,N

)
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for the constant C,, ny defined by

__ I'(N/a)
Con = (anjayiat

Directly using the limiting description of Ijp, we can establish the following extension

of Theorem [3.1] to a regime within the triple-point

Theorem 4.6. Letb,by € R and o € {1,2}. Let F v be defined as in Eq. (3.1) - Eq. (3.3)
with B =1+bN"3 and J =14 byN~1/3. Then

N
\/ 15 log N

where F () = — %logﬂ — %.

log N

(FQ,N — F(B) - 12]\7) 4 N(0,1), (4.3)

Remark 4.7. In the above, we could also have chosen F(3) = (2/4, which is the other
piece in Eq. , since the difference between these terms is O(N~1).

Comparing this with Theorem m we also see that the sign of the log N/12N term is
flipped. In light of the differences between Theorem [2.1] and Lemma [£.26] we find that
this is because the additional O(N~1/3) separation of 5\11’?]\, from the bulk caused by the
critical spike causes |<p§3°) (2)| to be O(N'/3) times smaller than the corresponding unspiked
quantity. This then induces a O(log N/N) shift in Fj, n.

The lack of dependence on by and b in the limiting distribution on the right-hand side
of Eq. suggests that this in an incomplete description of the SSK triple point. Indeed,
by using the results of this chapter, we can extend the reasoning of Chapter [3| to the triple
point for § =1+ bN~1/3\/log N with b > 0. Precisely, we have the following:

Theorem 4.8. Consider F, y with oo =1 or a = 2, as defined in Eq. (3.1) - Eq. (3.3)).
Let B =1+bN"'/3/logN for a constant b >0 and let 0 < J < 1. Then

N log N

d 3
\/W (Fa,N - F(B) - 12N> < N(0,1) + \/;bBV(—bo)Q/a, (4.4)

where BVy and BV are the complex and real Bloemendal-Virag distributions, respectively,
independent from the N'(0,1), and where F(8) = 8 — §log 8 — 2.

The proof of these results is completed in Section [£.4]
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4.2.2 Likelihood ratio of critically-spiked Gaussians

Let Wi be a scaled Gaussian matrix with critical spike h. We return to our initial testing

problem of
Hoy:h=PBy:=1+bN"Y3 vs Hi:h=8:=1+bN"13

Recall from Section that the likelihood ratio for this test is based on L(A) :=
pn(A; B)/pN(A; Bo), where py (-3 h) is the density of the eigenvalues of Wi
Now according to Eq. (|1.3]), we can express

pn(Ash) = c(A)d(h) Zan = 02(:1) d(R)Coan Ty o -

where d(h) = exp{(2N/a) - h?/4}.
Unfortunately, the limiting description of Z, n implied by Theorem @ is not in itself

sufficient to pin down the limiting distribution of L(A). However, we can write

pn(A;B) 2N 1 N B Iy b,
tog pn(A;Bo)  a 4(5 B0+ (7 - 1) tog Bo Hlogg Iy o
—N2/3(b bo) + log —2% Tobn +o(1). (4.5)

Ibo,bo

Now, the results of Theorem can be used to properly analyze log(Ipp,/Ip.p,), and
yield the following description of the likelihood ratio’s limiting distribution:

Theorem 4.9. Let o € {1,2} and N € Z~o. Let b,by € R and let 3 = 14+ bN~/3 5y =
1+ bgN—1/3.

Let pn(-;h) be the density of the eigenvalues of an N x N GUE if « = 1 or GOE if
a =2 with a spike of h. If A ~pn(-; o), then

pn(AB) a S /sl (w) " duw
PN (A; BO) flC 6b0w/0‘81(;§) ('LU)_l dw y

where K is a contour that runs from —ioco to +ico and passes on the positive side of the

largest root of 31()?) (w).

As with Theorem this result is proved in Section [£.4]
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Remark 4.10. In Theorem B and [y are of the same form. This means that, under
the alternative hypotheses, A; ~ pn(-; ), it is also true that

pn(A1;B0) a Sy ebow/@sl (w) =1 dw
pv(AGB) T febw/ag(® ()1 duw

Taking 6 = b — by, the distributional convergence under the corresponding nulls of both
likelihood ratios to a non-zero limit implies, by Le Cam’s first lemma, that for any by € R,

the experiment
Ho:h:hozzl—l—bo]\rl/3 vS. leh:ho-i—é’N*l/?’

has mutually contiguous null and alternative hypotheses.

4.3 Preliminary results

Before proceeding to the proof of Theorem we must establish several results about the

convergence of the characteristic polynomial of a critically-spiked Gaussian.

To this end, the rest of this chapter is organized as follows:

1. In Section we establish convergence analogous to theorem 1.6 of [LP21] in the
b € R case and define s;.

2. In order to properly define a consistent contour of integration and complex roots, we
must first establish that for any j, the scaled eigenvalues |N?/ 3(5\§-bj)v — 2)| are almost

surely bounded. We address this in Section [4.3.3

3. In Section we properly define sl()a) as the ath root of s, and show that we can
infer limiting results about ath root a function from corresponding results from the

original function. even though one is not a simple function of the other.

4. The proof of Theorem which is mostly devoted to verifying the conditions for
dominated convergence for Iy, , is in Section@ It is then joined there by the proofs

of the other important theorems of this chapter.
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4.3.1 Notation

Let A be the symmetric tridiagonal semi-infinite matrix described of [LP21, Eq. (1.10)] and
let 2/« be the corresponding Dyson parameter. That is,

b1 ax
ar by as
A= ] ,
as b3 .

where
bi ~N(0,2), @i~ X@2/a)i

are independent random variables. We use the notation [A],, 5, to denote the principal n xn
submatrix of A.
For b € R and n € Z+, define

[A]nb,)n = [A]pn + \/ n(2/a)hneneg

where hy, = 1+ bn~1/3 and where e, is the nth standard basis vector in R". In this way,
the eigenvalues of [A]g,,b% have the same joint distribution as the eigenvalues of a G(U/O)E
with spike h,,.

Now for b € R, let )\(113\, > )\(213\, > > A%?N be the eigenvalues of A%) and define the

scaled versions of these eigenvalues by

NOR N0
KA
W = NGY, ).

Using these quantities, define the functions:

N
I (w) = exp{é [~ NP0+ log(2 + wN 23 — A7),
=1
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where o € Z~g.
Here, gog\l;) is the characteristic polynomial of [A]%)N /v N, whereas f](\? ¥ s in some

sense the “scaled ath root of 9053) 7 This notion is made precise in Section m
(b)

In any case, notice that [ N are the zeroes of f](\}’b).

4.3.2 Characteristic polynomial in the spiked case

Following the notation of [LP21], for a fixed N and b € R, define

) (2) = det(zI — (4NB)"*[A]D)),

WP () = w1+ W%)%(l + w%/g)

where w,, is the weight function

2 . _ n!\ !
wy(z) = ((277)1/46N 27"(N2?) 1/121/Nn>

given in eq. 1.2 of [LP21]. In terms of these quantities,
b b
P (2) = 2Ve (1), (4:6)
From the recurrence on the first display on p. 6 of [LP21], we have that

OV (2) = det(=I — (4NB)"V2[A]Yy)

It follows that
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The last line follows from the fact that, for m,n € Z>q, we have that

and in particular wy(z)/wy—_1(z) = 2.

As in eq. (9.2) of [LP21], define piecewise linear interpolations Py: (—o0,T] — R over
the grid N~=1/3Z (where T = N~/3wy ~ log! ™" N for some k£ > 0 and wy € Z~q) by

P{(t) = N3 (W1 (A) = Ua(A)L{N —n = [¢N'?]} Py(0) = ,(0).

With this notation, we can write

T (N) = PA(0) — hy PA(NY?)
= (1 — hn)Pr(0) — b N3P (0),
where the above is an exact equality due to the fact that Py is piecewise linear.
Since hy = 1+ bN Y3, the above becomes
W () = =NTbPA(0) + P (0)] = NP4 (0),
NBEE(A) = —bPy(0) — P} (0) + N~/36P(0).

By the eighth display on [LP21, p. 79], we have that

.
—
o~
S~—
I

CON(SAiy(t)e M + xna(t)),
Cn(SA\ ()" + Xy A (1),

o]

—
o~

SN—
I

where

eGn «

is a random constant that doesn’t depend on A or t. Moreover, with probability 1 —
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e~os N for |k € {0,1},

sup e — 1| = O((log N)~1/6+¢),
K

)\eK,tSeu[I—)eT,T]‘(?fXN’)\(t)‘ = O(N"1/9).

The last display of [LP21, p. 79] only explicitly states the bound for £ = 0. However,
the bounds in [LP21, Egs. 9.14 and 9.17] also hold unchanged for k = 1, and so this bound
also holds for £ = 1.

To conveniently represent the various limiting results that hold uniformly in A € K, we
will use gy (X) = Ok (an) to mean supyex|gn(A)| = O(an).

Hence, we have that

N1/3
Cn

TR (A) = —bISAL(0)e™ + xa(0)] — [SAK(0)e™ + Xy A (0)](1 = N~H/%)
= s5(A\)eVA — xua(0) + X/N)\(O)(l _ N—l/sb)
= 5(A)(1 + Oxc((log N)™V/%%9)) + O (N*71/9). (4.7)

Now, Eq. (4.1)) follows immediately from the above display. In particular:

Proof of Theorem [{.4} The eighth display on [LP21, p. 79] has the equivalent of Eq. (4.7)

in the unspiked case, namely that

ClN\IfN(/\) = SAiy(0)(1 + Ok ((log N)~/6+2)) 4 O (N#1/9),

Since sp(A) = — SAi) (0) — bSAi)(0), the joint convergence of Theorem 4.4 follows. []

Equation (4.1)) also allows us to analyze the integrand of I ,. To this end, define

N
a,b _ (b
NP = exp{ = N2x + Zl log(2 + AN~%3 — A ) 1.
J:

Proposition 4.11. Let K C R be compact. For any b € R, we have that

2250 (4.8)

sup

P s
K |

b
k@) Is(0)]
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Proof. Let z =1+ \/(2N?/3) for A € K. We then have that

N
78700 = exp{ - NN+ 3 log(2 + AN - 30}

j=1
s - » N
:exp{—N )\+N10g2+210g<1+ ONZ3 W)}
j=1
_ N1/
=N~V 3)‘<I>§3) (2), (4.9)

recalling that A\; > ... > Ay are the eigenvalues of [A]S\I}) N-

Here, the last line follows from the fact that

N /\(b])\/ N /\(bl)\/
exp log(z — —2 = S—
(el i) - TG~ 2
Notice, however, that for o # 1, we have in general that
1Y A(bj)\, N )\(.b])\, 1/a
exp{ — ) log(z— —2% #* z— —=L
(2 S s(e - )} # 1 - )

(a,b) 1/a
This discrepancy is the reason that it is not the case that =X Y s g any choice

e )] [56(0)]
of branch cut in z — 2'/% and why we must be more careful when defining sg\?)(/\).

Further, notice that

wy (2) — N(1—2%) pr1/6
wy (1)

= exp{N(—W)\QﬂJ (2 + W);/:J + élog(l + ﬁ>}
= e VN1 Ok (N7,

Combining the above with Eqgs. (4.6 and (4.9)), yields that

(1,b) (b) (b)
NN _ _—NU3) O,/ (2) _ Uy (N) (1+0K(N_2/3))- (4.10)

(&
eV (2)] ) w0
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Now, it follows from the representation of @g\l}) in Eq. 1} that

TP s + Oxc((log N)~V/5)) + O (N=1/5)
1w ) Isp(0)(1 + Ok ((log N)=V/6+€)) + O (N==1/6)]”

Since P(s3(0) = 0) = 0, we can conclude that

WO O [ as

sup —
xex [@® ) ls5(0)]

Combining this with Eq. (4.10) completes the proof. O
We would like to simply extend Proposition [£.11] directly to the complex plane using the
results of |Ass22|. However, the function f ](\} 2 / ]9053)(2)| is not of the correct form due to the

absolute value in the denominator. To this end, we must prove the following intermediate

result:

Corollary 4.12. Let K C R be compact. For any b € R, we have that

IO )| as, (4.11)

sup
rekl oP2)  s(0)

Proof. Since s3(0) # 0 almost surely, we have that
(VPSR .
sign ¢y’ (2) = sign f"(A) — sign s,(0),

from which we see that

NP TN as s s
oW @) 100 (2)]sign 0P (2) |55(0)] sign s4(0) — 55(0)
uniformly in K. O

Corollary 4.13. Letb € R. Let K C C be compact. For any b € R, we have that

IV s LN (4.12)

sup
xekl o (2)  s(0)
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Proof. Now, we have that

W) sy A
= A,H(“L(b))'
i=1 Mj7N

Together with Corollary this shows that f}v’b()\) / @%)(2) satisfies the hypothesis of
Proposition 4.6 of [Ass22|, and so we have that, almost surely,

(1,b)
fN _ Sp

N @ 20

uniformly in compact subsets of C. The conclusion follows again from the observation that

sign @%) (2) 2% sign s,(0). O

4.3.3 Extreme values of top eigenvalues

This section is devoted to showing that, almost surely,
© 413
S%p|/$j,N| < 0. (4.13)

A critical result for this conclusion is the following description of the zeroes of s;:
Lemma 4.14. Let b € R, and let My be the zero set of sy. It holds almost surely that

1. My is a countable subset of R,

2. My is bounded above,

3. My has no accumulation points.

Proof. This is a restatement of theorem 6.7 of [LP21] with the identification w = —b.

Definition 4.15. Given the convergence outlined in Proposition of f ](\} )t Sp up to
some scaling, it is evocative to think of the zeroes of s, as the limiting zeroes of f ](Vl 2

Moreover, Lemma [£.14] confirms that these zeroes can be enumerated in decreasing
order, so denote the zeroes of s; by

b b
i > Hyho >+
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Now, we demonstrate the positive and negative parts of the bound Eq. (4.13]) separately

in the following subsections:

Lower bound

We know from Lemma [£.14] that s, has infinitely many zeroes. Hence, to demonstrate
the lower bound of Eq. , we must show that these zeroes don’t appear “at the last
minute,” as happens, for example in the limit of gy (z) = 22 + %

The relevant observation is that each function fj(\; Y s a polynomial multiplied by an
exponential, and Lemma [£.17] shows that for such functions, since the zeroes and stationary
points are interlaced, it cannot happen that a zero is introduced to the limiting function
without a nearby zero being present in the f ](Vl 2

This is enough to “anchor” the zeroes of f ](Vl ¥ hear to those of sp and so guarantee that

(0)

.. b . .
lim inf y o0 1t Ay Temains finite.
HiN

Lemma 4.16. Let p be a real-rooted polynomial and let g be a log-concave function.
If f(x) = p(x)g(x), then all local mazima of f are non-negative and all local minima of

f are non-positive.

Proof. Let xy be a local extremum of f such that f(xg) # 0. Suppose that f(xg) > 0. Since
f is continuous, let (a,b) 3 x¢ be an interval such that f, and so p, is positive on (a, b).

Let A1,...,An € R be the roots of p so that we have, for x € (a,b)

a Pa) &1
—logp(z) = =>. :
dz p(x) ki Aj
d2 N 1

7j=1

That is, p, and so f, is log-concave. In particular, the extremum of f at xg must be a
local maximum.

Similarly, if f(xg) < 0, then f has a local minimum at z. O

Lemma 4.17. Let {pn} be a sequence of real-rooted polynomials, {kn} a sequence in R,
and f a function such that fy(x) := pn(z)e"™N* — f(x) pointwise.

Let x € R be an isolated root of f. Then there exists a sequence of real numbers {xy}
such that
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1. fn(zn) =0 for each N, and
2. xny — .

Proof. Let € > 0 be small enough that f has no zeroes other than z in [x — &,z + €].
First, consider the case where f(x —¢) and f(x + €) have opposite signs. Without loss
of generality, assume that

flx—e)<-—n<n<flz+e)

for some 1 > 0,
Let Ny be such that, for all N > Ny, |fv(y) — f(y)] <e/2fory € {x —e,x+¢}. Tt
follows that

fn(xz—e) < —g < g < fn(x+¢),

and so that each such fy has a root in (r — e, + ¢).
On the other hand, consider the case where f(z —¢) and f(x + €) have the same sign.

Without loss of generality, assume that

flz—e), f(x+e)>n

for some 1 > 0.
Let Ny be such that, for all N > Ny, |fn(y) — f(y)] <e/3fory € {z —e,z,z+e}. Tt
follows that

fn(xz—e), fn(x+e) > 2

37
fN(x) < gv

and so that fy has a local minimum at some xp € (x — e,z +¢).

Since fn of the form described in Lemma this means that fy(zg) < 0, and so,
since fy(x —e) > 0, that fy has a root in (x — e,z + €).

It follows that we can always choose a sequence {zxy} of zeroes of {fx} such that

IN — T. O

Proposition 4.18. For any b € R and for any k € Z~, it holds almost surely that

i%f ,u;?])v > —00. (4.14)
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Proof. Let € > 0. By Lemma 4.14} there exists a K, such that u( S C: on an event A
such that P(A;) > 1 —e.
Since, by Lemma [4.14(3), each p

(0)

]oo

sfmon“ 1| yields that, almost surely fy /|<,0N (2)] = sp/|sp(0)], these functions satisfy the

is an isolated root of sp(w)/|sp(0)|, and since Propo-

hypotheses of Lemma [4.17]

Therefore, for each j < k there exists a sequence {fi; y} such that fi; y is a root of f ](\} b)

and fij N — ug-?go (it is not explicitly stated or required for this argument that fi; v = ,ugb])\,)

In particular, there is an Ny such that, for NV > Ny, fi; y > C: —1 for each j < k, and so
f( ) has at least k zeroes exceeding C. — 1. Therefore, on A, liminfy_, ,u(b) >C:—1

and so
P(i%f,ug-f’])v >—00) >1—c¢.
Since this holds for any £ > 0, it follows that Eq. (4.14) holds almost surely. O

Upper bound

For the upper bound of Eq. (4.13), we again know from Lemma |4.14{(2) that ,ugl?())o < 0.
(b)

If lim inf ;o0 p17 y = 00, we show that this conflicts with the convergence in distribution
)

On the other hand, we show how eigenvalue interlacing guarantees that it is

(b)

1mp0851ble for iy to oscillate in such a way that only a subsequence diverges to infinity.

of 1y

Proposition 4.19. For any b € R, it holds almost surely that
sup 1N < 00.
N

(b)

1,00 I8 the largest root of sp, it must be that s; is eventually either positive

Proof. Since p
or negative. We deal with these cases separately.
Case 1: limy, o sign sp(w) = —1.

Let g = ug <)>o + 1 and let > x¢ Since sp(x) = —n for some 1 > 0, there is an Ny such

that, for all N > Ny,

)

@) s@) |
|(p V@) Isu(0)] =2

and in particular, f](vl’b) (x) < 0.
But since f J(\} ) is a monic polynomial multiplied by a positive function, this means that,

for any N > Ny, f J(\} ®) must have an odd number of zeroes exceeding .
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(b)

1.00 > . But since this holds for arbitrarily large , it follows

In particular, lim inf y_oo

that liminf y_, o0 N@V = 00.

Case 2: limy,_, o sign sp(w) = +1.
(b)

1,00

let Ny be such that f(1 b)( ) >0 for N > Nj.

Again, let xg = py . + 1 and let z > zy. Following the reasoning of the previous case,

Since [A]n,n is a principal submatrix of [A]S\%L ~N+1> We have by Cauchy interlacing

that
Aélfﬁm = M([Alnt1n+1 + (N + 1D)Bhyiientiensy) < AMi(An).

Moreover, since v/NfShye Ne% is non-negative definite, we have that
MA]NN) < M ([Alnn + VNBhyeney) = /\(b)

Let N; be large enough that the function y — \/y(2 + xy~2/3) is increasing on [Ny, 00).

Suppose that uglg\, < z for some N > Ny V Ni. We then have that

b b
Wy A0
VB T VB
<VN(2+azN"%/3)
<VN+ 12+ z(N +1)7%3),

and so ug\[ﬂ <.

In particular, since f ](Vlﬂ is a monic polynomial multiplied by a positive function,

N
sign[F 1) (2)] = sign(z — i’k ) sien [T (@ — 1y 1))
j=2

. b
= sign(z — ug}vﬂ).

But since N +1 > N, f](\}ﬁ( ) > 0, so it follows that ugbg\,ﬂ < z. By induction, either

lim supy_ o0 ugg\, < x, or liminfy_ u@v > x. Since this dichotomy holds for arbitrarily

large z, if follows that if supy ,uglgv = 00, then necessarily lim infy_ s ugbzv = 00.

(
1

Conclusion: consequence of liminfy_,oo 3\, = 00.
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Let L > 0 and let hz: R — [0, 1] be a continuous function such that

hp(z) =
2(®) 1 ifx>L+1.

{ 0 ifz<L,
From Theorem 1.5 of [BV13], we have that u@v N ug{)?}o. If follows from Fatou’s lemma
that

P(ui = L) 2 Bhy(ui)
o b
= l}\grilglof EhL(/Lg}V)

o . b
> Elim inf ho (N

e ()
> =
> P(l}\rfglglof fi N = 00)

= P(sup u'y = o0).

(b

Since P(u o, = 00) = 0, we take L — oo to conclude from the above that

)
[o¢]
P (sup ugbg\, =o00)=0. O
N b
Remark 4.20. Notice that the above proof also demonstrates that

P( lim sp(w)=-1) < P(l}&i&fﬂ&?}v =o00) =0.

w—r00

4.3.4 Complex roots of the characteristic polynomial

Let h be an analytic function such that h(z) > 0 for all z > x¢ and such that h has no
zeroes away from the real line.

For a € Z~, define a functional G, acting on such h so that G,(h) is a function on
C\ (—00, x| defined by

Go(h) = exp{ 1 {

(07

v (w)
zo h(w)

dw + log h(w) }, (4.15)

where the integral it taken over a path in C\ (—o0,zg]. Since h'/h is analytic over this
simply-connected region, this is well-defined.

Since G, is built from a standard construction of the complex logarithm [see, e.g.[Rud87,
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Theorem 13.11], it is a standard exercise in complex analysis to verify that it has the

following properties:

Lemma 4.21. Let h be an analytic function such that h(x) > 0 for all x > z¢ and such
that h has no zeroes away from the real line. Then Gy (h) is analytic in C\ (—oo, zg] and

has the following properties:
1. [Go(h)(w)]* = h(w) for allw € C\ (—o0,xg],
2. Go(h)(x) = h(z)Y* for all x > xo, and
3. If C > 0 is a constant, then Go(Ch) = CY*G4(h).

Lemma 4.22. Let {hy} and ho be holomorphic functions with no zeroes away from the
real line such that, for all N € Z~g, hy(z) > 0 for all z > x.

If hy — h uniformly in compact subsets of C, and if supy zny = X* < cothen
Go(hy) = Ga(hoo)

uniformly in compact subsets of C\ (—oo, x*].

Proof. First, take zo = x* + 1 as a common integration basepoint in Eq. (4.15)). The result
follows from the fact that, on any compact K, hy and hy must be uniformly bounded away
from 0, from which is follows that hy/hy converges to hl/heo uniformly in K.

Moreover, there is an L < oo such that, for any u € K, there is a path in K connecting

o to u whose length is less than L, allowing us to bound the difference in integrals. O

Proposition 4.23. We have that

£ = G137,

Proof. This follows from the fact that these are two functions analytic on C '\ (—oo, ,ugbg\,]

that coincide on the ray (u@v, 00).

Definition 4.24. Recall that in Remark we noted that sp(x) is eventually positive
for x — oo along the real axis.

It follows that we can define
séa) = Go(sp).
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Proposition 4.25. Let b € R and o € Z~y.
Let p* = supy ugbg\,. It holds almost surely that

f](\;x,b) Sl()a)

_>
eV @ s

uniformly in compact subsets of C\ (—oo, u*].

Proof. First, Lemma |4.21|(3) together with Proposition yields that

Qe Rl IO s )

Moreover, Proposition |4.19| guarantees that y* < oo almost surely, and so we can apply
Lemma together with Corollary to conclude that, almost surely,

(1) s
i) Celmion

uniformly in compact subsets of C\ (—o0, #*]. Combining the previous two displays com-
pletes the proof. O
4.4 Proofs of main results

Fix a by € R and define
1 - 5 (bo)
Iy by = /Fexp{a [N(l +bN"V3), — Zl log(z — )\jj,)} } dz,
J:

where I' is a (random) contour with bounded real part that runs from —ico to +ico and

passes on the positive side of 5\%)\;.

Proof of Theorem [4.5]
Let € > 0. Using Propositions and there exists a K. > 0 and an event A. with
P(A. > 0) such that

2/313()
1g%§asjl\lpr v — 2 < Ke. (4.16)
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Im(2)

Ks

\/c
T M4 N B3N M2 N HIN ‘y Re(z)

—i

K1

Figure 4.1: Contour of integration

Define a contour K that runs from —oci to —i along the imaginary axis, from —i to +i
by crossing the real axis to the right of K. and then from +i to +o00 along the imaginary

axis. Call these three sections K1, Ko, K3 respectively. The contour is shown in Fig.

Based on this, define
2
'v={24+wN "3 :wek}.

7b0)

Since 'y passes on the positive side of the zeroes of f ](Vl and has bounded real part,

we can use it as the contour of integration for I. That is,

1 al -
Ipp = /FN exp{—[N(1+bN~1/%); - ]z:jl log(z — A%)]} d=.

Making the substitution z = 2 + wN ~2/3, we have

N
/ exp{l [N(l + DN ")z — Z log(z — X;b]({,))} } dz
I'n j=1 ’

«

1 _ _ N _ ~(b _
:/’Cexp{a[]\f(l—FbN 1/3)(2 + wN 2/3)—lelog(2+w1v 25— A0 PN dw

o 2N  2bN2/3 bw  w N _ < (bo)
- N /exp{FJr - }/}Cexp{a+a{N1/3—;log(2+wN 2/3—)\j’§,)}}dw
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2N 2bN?/3 bw
_ AT—2/3 (ev,bo) -1
=N exp{— + " }/’Cexp{a }fN (w)™" dw.

Thus, we have

2N  2hpN?/3

N @ oy = [ @) ) o (417

N?/3 exp{
Now, Proposition demonstrates the convergence of the integrand of I, in the sense

that that
(bo) 1/« 1/
ebw/a% ﬁebw/a% (4.18)
S (w) Sho (W)

uniformly in compact subsets of K.

Consider w = iy. We have
b o : — 3 (bo)  —1/a
wfa |90§V0)(2)|1/ _ N 94 iyN 2~/3 _ Aj,]({f 1/
v w) L 2= AN
B N y2 —1/2c
=11 4/3 (bo)y2
j=1 NA3(2 =A%)
- 2a . y2 —-1/2«a
- 5 (bo)\2
j=1 NY3(2 =N\ Y)

where the last inequality follows from Eq. (4.16)).

Since this is integrable over y € R, we have, by dominated convergence that

P/ 53, (0)] /55 (w) ! .

/ ebw/a|@§\l;o)(2)|1/af](\?,bo)(w)—l dw —
K1UKs K1UK3
Moreover, since K9 is compact, and since the convergence of Eq. (4.18) holds uniformly

over it, and so the corresponding integral is also dominated and so converges. Hence,
el @ ) dw = [ sy, (0)] s (w) ! dw

Combining this with Eq. (4.17]), we conclude that Eq. (4.2)) holds on the set A., and in
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particular that that convergence holds with probability at least 1 — ¢.
Taking € — 0, it follows that Eq. (4.2) holds almost surely.

We are now nearly ready to complete the proof of the main results of Section The
last step is to address the |@§3)(2)| term in Eq. 1} which we establish in the following

lemma:

Lemma 4.26. We have that

N 1
logle¥(2)] = 5 — —£ 2 log N+ /S log V- Z + Op(1),

where Zn % N(0,1).

Proof. We first expand

o0 (2) = 2Vuwy (1)~ 0P (0)

_ | N!' %
— N N-1/12 W‘I’gv)(o)

= (2m) /4N N6(1 4 0(1)) - T (0). (4.19)

Recalling Eq. (4.7)), we have
U (0) = N~13Cns(0)(1 + o(1)),

where Gy is a centered Gaussian with EG}, = $log N + O(1).

Hence, we can write

1
log| ¥ (0)] = —glogN—i-GN—%logN—l—Op(l). (4.20)

Combining Eqs. (4.20) and (4.19)), we find that

N 14«
loglp(2)] = 5 — ¢ log N + Gy + Op (1), (4.21)

from which the result follows. O
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Proof of Theorem [4.6

We have that

= 2 oar(Y) - (K1) 10a(Z) +10m( )

On the one hand, we have by Stirling’s formula that

logf(g) - (g - 1) log(/BN) = —Z —i—%logN— glogﬂ+0(1).

On the other hand, Theorem yields that

2N 2N2/3 1
~ —loglg” (2)] + Op(1).

2
log Iy p, = —3 log N + 5

Moreover, by Lemma we write

N 1+« o
loglso(bo()\=5— 5 10gN+\/§logN~ZN+OP(1),

where Zy % N(0,1).

Combining the above, we find that

logN 1 1 o _
F,ny= 7—71 N—1/3 4 1/—1 N-Z N,
aN = ot ogf+b + 518 N+ Op(N ™)

Now, noting that

1
Z—flogﬁ—FbN s Ly bN 1/3 _ bZN*2/3+O(N*1)

4
2
=54+0<N—1>
yields
N B2 logN
(R, - Z 1). O
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Proof of Theorem [4.8]

This proof proceeds exactly as the proof of in the Theorem [3.1] except using a critically-
spiked underlying matrix.

In this section, we will show how Theorem [4.4] can be used to generalize the neces-
sary preliminary lemmas to the critically-spiked case, and so to conclude the result of
Theorem Specifically, we will generalize the conclusions of Lemmas and
and Propositions and

First, the following result can be established from known limiting properties of the
largest eigenvalues of a critically-spiked Gaussian matrix without using the stochastic Airy
machinery. We need to generalize only parts (ii) and (iii) of Lemma so we present only

those results, with the numbering maintained to make the analogy clearer:

Lemma 4.27 (Equivalent of parts of Lemma . Let A(lb) > > /\53) be the eigenvalues

of a critically-spiked Gaussian matriz. Then

(ii) For any fivred x € R, there exists a constant Cy such that

E#{j: \" >2 - «N") < C,.

(iii) For some ce, Ne and any N > N, with probability at least 1 — ¢,

A AP > N2,

Proof. Both of these follow from the joint limiting distribution of ()\gb), e )\,(cb)) described
in [BV13| Theorem 1.5].

Next, we use Eq. (4.1)) to establish a limiting representation of the logarithmic derivatives
of \Ilg\l;). In particular, for k € Z>,

24+«
K105 W R () = 1ggy (— —log N + Gy ) + 8%sy(N) +O(1),

_ 2+« a
HlogeV(2+ N 2/3A):1{,€:0}(— : 1ogN+,/§1ogN-ZN)

—log(2 Nwy (1 4+ N723X/2)) 4+ 0¥ log sp(\) + O(1), (4.22)

where Zy = Gn/,/%log N % N(0,1).
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Taking k£ = 0, we establish the log-determinant central limit theorem:

Proposition 4.28 (Equivalent of Proposition . Let )\gb) > > )\E\l;) be the eigenvalues
of a critically-spiked Gaussian matriz with Dyson parameter 2/« for a € {1,2}, and let
v =2+ AN"2/3 for some A\ € R. Then

b
E;-V:l 10g|'y—)\§- )] — % —N1/3C+‘XT+IlogN d

\/@ — N(0,1).
3

Proof. This follows from Eq. (4.22]), which yields

N
> logly = A| = logle) (2 + AN2/3)]

j=1
2+« o _N

=— log N + glogN'ZN—log(2 wn(z)) + log|sp(N)] + O(1),
where

log(2~ ())——N2+il (N 2)—11 —!4—0(1)

og wn(z)) = 2"+ 5 log(N2 5 08 o

1 N 1
=-Nz2+ ~logz+ — — ~log N + O(1),

6 2 6
from which we see

N 1
log(2 Nwn (1 4+ AN"2/3/2)) = —5 - AN/ — Glog N +0(1),

N 1
loglo®) (2 + N=2/3))| = o AN - % log N + 1/%logN - Zn + Op(1),

and so conclude that

1

\/§ log N

On the other hand, taking k = 1,2 yields the relevant inverse moment bounds:

N 1
(loglefy (2 + N720)] = 5 = ANV + %bgzv) 4 A(0,1). O

Lemma 4.29 (Equivalent of Lemma . Let Agb) > e > )\53) be the eigenvalues of a
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critically-spiked Gaussian matriz and let C' € R. Then

1Y 1
=14 0p(N"V3), and —
]Zl 2+ AN-2/3 )Py

1 1/3
NZ 2 4 AN-2/3 — \) — R
- J

Proof. We use Eq. (4.22)), for which we expand

ek — 1)
(-1 (6/€ 1)'z—k’
5 log(2 Nwn (1 +ANT3/2)) = 2N?/3)7F[-2N1 oy — 2AN31 451y + O(1))]

0 log(2 N wn (2)) = —2N2* 100 +

N1/31{k:1} + 0(1).
Therefore, as in the unspiked case

1 Y 1

2
— = N3 1)+ 9F log o (2 + AN T2/3)
— b A PN
N = @2+ aN-23 - APk

= NP L )M (NP1 + Op(1)))
= 1{k:l} —|—O(N%k_1) O

Lemma 4.30 (Equivalent of Lemma . Let )\gb) > 2> )\53) be the eigenvalues of a

critically-spiked Gaussian matrix. Then

! EN: ! 1+ O0p(N~1/3) and ! ﬁv: !
s o 7 I b
N2 =2 N = o =)

Proof. The proof proceeds exactly as in [JKOP21| Section 8.1], making use of Lemmas
and [4.29] exactly as that result makes use of Lemmas [3.3] and [3.9]

It remains to demonstrate the asymptotic independence of the largest eigenvalue from

the log-determinant in the critically-spiked case:

Proposition 4.31 (Equivalent of Proposition . Define

—1/2 N 1+ N
éljj\)f: (%logN) {5— 6alogN—j21Og‘2_)\§b)H’

b b
e = NP —2).
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Then (le, 2N) (X](\I;),Y]Sb))—}—oln(l), where (X](\l;), Y]E,b)) are independent Op (1) random

variables.

Proof. This proof relies on results in section 5 of [JKOP21|, which are not presented in this
thesis. The relevant part of that argument is that it shows that (&1n,&n) = (XN, YN) +
op (1), where Xy and Yy depend on [A]y n through a; and b; for i < N — INV3log? N
and i > N — 2N1/3 log® N respectively, and so are independent.

In the critically-spiked case, we apply the joint convergence of Theorem That is,

EeCN

d . . .
"o % (SAiA(0), ~bSAL(0) — SAL(0)),

(Tn(A), NYAEE ()

from which we see that

log[ T (0)] = logN—l—log|\I/N( )|+ Op(1),

\/ Clog N = 51N\/*10gN+OP

1N = Xn +op(1),

and thus can take X](\l;) = Xy.

Next, let Y]Sfb) be the largest eigenvalue of the bottom-right minor of [A]%?N of size
| = 2N'/310g® N. Following the proof of [JKOP21, Proposition 5.3], the difference /\5”) —Y]S,b)
is bounded in terms of the top-left (N — 1) x (N — 1) minor of [A]%?N.

But this minor is exactly [A]( N-1),(N—1), and so it follows from the subsequent analysis
of [A](n—1),(n—1) in [JKOP21, Proposition 5.3] that ‘)\gb) —Y]S,b)\ = Op(N—K) for any K > 0.

Noticing that X](\l;) and ngb) depend on disjoint parts of the matrix [A]g\l;) n then completes
the proof. O

To complete the proof of Theorem [4.8] we follow the argument of Section [3.4.3] until
Eq. (3.36)), where we reach

3 1 log N
NFN:N<——10g6+ﬁ—|— o8 ) 1/—10 N£1N+ \/1 gN£2 + Op(loglog N)

42 12N
(4.23)

with (fg\),,éb) ) defined as in Proposition Now, Eq. (4.4) follows from the limiting

distribution of (fl N 2?\),) established in Propositions and |4.31
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Proof of Theorem [4.9]

This is a straightforward application of Theorem to Eq. (4.5)), which renders

pN(A;B) 2 o Iy b,

log ———"—"2% = —N b—1by) + 1o :
Son(Aify)  a (b= bo) +log bo,bo
fIC ebw/asl()z‘) (’w)il dw

Jic eborlersi) (w) =t dw

+0o(1)

a.s

— log




Chapter 5

Algorithms for simulating RMT

quantities

Over the course of the investigations presented in this thesis, we performed many numerical
experiments and simulations involving large random matrices. Often, our particular settings
required novel algorithms for efficiently computing the specific quantities of interest to us.

This chapter contains descriptions and mathematical justifications for two such algo-
rithms: the banded representation of multi-spiked Gaussian and Wishart matrices is dis-
cussed in Section [5.I]and the simulation of an approximation to the stochastic Airy function
presented in Section

5.1 Banded representation of multi-spiked ensembles

When investigating quantities computed from random matrices, it is often useful to sample
from the distribution of the eigenvalues of a high-dimensional random matrix ensemble. This
can be done naively by drawing a matrix from the ensemble and computing its eigenvalues.
However, since the computation of eigenvalues of an unstructured n X n matrix requires
O(n?) operations and O(n?) allocations, this becomes impractical even for moderate n

In [DEO2] Dumitriu and Edelman described ensembles of tridiagonal matrices whose
eigenvalue distributions match those of Gaussian and Wishart matrices. Since the eigen-
decomposition of an n x n tridiagonal matrix can be computed with O(n?) operations and
O(n) allocations, this allows us to sample eigenvalues of much larger Gaussian and Wishart

matrices.

107
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In this section, we generalize the results of [DE02| to Gaussian and Wishart matrices
with k spikes. In particular, we define ensembles of banded matrices with bandwidth 2k — 1
whose eigenvalues distributions match those of k-spiked Gaussian and Wishart matrices.

All of these algorithms are implemented in my Julia library RandomMatrixDistributions,
which can be found in the Julia package repository. The code is available at:

github.com/damian-t-p/RandomMatrixDistributions. jl.

5.1.1 Notation and definitions

Banded matrices: Let I,u <n. An n x n matrix M is (I, u)-banded if it has only zeroes

below the lth subdiagonal or above that uth superdiagonal. That is,
Mi7i+k:01fk>u0rk:<l.

We also use bandy (M) to denote the kth band of M. That is, for k such that —n < k <mn,

we have the (n — |k|)-element vector given by

band),(M) = (My gk Mag ik, oy My_pn) if k>0,
(My_p1, My poy ..., My i) if k <O.

Block matrices: Throughout this section, for a matrix M we will use the notation
[M];.ir j.j» to denote the (¢/ —i+ 1) x (j* — j + 1) submatrix of M whose (I,m) entry is
([MJieir ) tm = Miti—1 j+m—1-

We will also sometimes record for clarity the dimensions of the block of a block matrix
outside the matrix delimiters, for example, the following shows a decomposition of a p x d
matrix M into d x d, d X (n —d), (p —d) x d and (p — d) x (n — d) blocks:

d n—d
d{ My M
M= 11 12)
p—d\ Moy Mao
Complex Gaussian distribution: This section deals extensively with both real and com-
plex Gaussian distributions. To unify this presentation, we will use the notation Ng(, o?)

indexed by the Dyson parameter (.
When g = 1, this denotes the usual Gaussian distribution. When § = 2, then for ¢ > 0
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and p € C, we use Na(u,0?) to denote the distribution of

V2

where Z1, Zo are independent real standard Gaussians.

(Zl + IZQ) + 1,

With these definitions, for g = 1,2, if Z is an n-dimensional random vector with iid

N35(0,0?) entries, then

g

\/BXBTL‘

Remark 5.1. In this section, all proofs will only be done for the 5 = 2 case. The g =1

121l ~ (5.1)

case is always entirely analogous, with “GOE” and “orthogonal” matrices replacing “GUE”

and “unitary” matrices throughout.

5.1.2 Preliminary results

Lemma 5.2. Let B =2 (resp. 3 =1). Let X be a p X n matriz with iid Nz(0,1) entries.
Let Q be an p X p unitary (resp. orthogonal) random matriz.
If Q is independent of X, then QX 4 X, and moreover Q is independent of QX.

Proof. This follows from conditioning on (), whereupon we use the deterministic version of
this result that (QX|Q) 4 X. Since this distribution has no dependence on @), the result
follows. O

Proposition 5.3 (QR decomposition of a matrix of iid Gaussians). Let § € {1,2} and let
X be a p x n matriz whose entries are iid with Ng(0,1) distribution.

Then, for any d such that p An < d < p, X can be decomposed as X = QR, where
1. Q is a p X d matrixz with orthonormal columns,

2. R is a d X n matriz whose entries strictly below the main diagonal are all 0,

3. The non-zero entries of R are independent with distributions given by

ﬁxm_iﬂ) ifi =7,
N3(0,1) if i < j.

Rij ~ (5.2)
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Proof. For d = p, we construct ) from Householder reflections. Namely, if x1,...,x, are
the columns of X, define Q1 = I — 2vv*/||v||?, where v = x1 — ||21]|e1 so that @y is unitary
and Qiz1 = ||z1]|e1.

Moreover for ¢ > 2, since @ is unitary and independent of z;, the Q1; are iid N3(0, I,,)

random vectors. That is, the entries of Q1 X are independent with distributions given by

1 oo .
ﬁxﬁp ifi=45=1,
[Q1X]i5 ~ q0 if j=1,i>2,
N3(0,1)  otherwise.

We repeat this process for the lower-right submatrix [Q1 X ]Q;H,Q;p, calling the correspond-

ing Householder reflection Q2 and defining the unitary matrix

1 0
2= (0 Q2) '

Continuing in this way, we have that Q := (Qp--- Q1)

* is a unitary matrix such that

X = QR, where Q and R satisfy the conclusions of the proposition.
When n < p, since R has only zeroes below its main diagonal, [R](41):n,1:p = 0. Hence,

for any d such that n < d < p if we define Q" = [Q]1.p 1.4 and R’ = [R]1.4,1:n, then we have
X=QR=Q'R,
which completes the proof. O

5.1.3 (Gaussian matrices

Let X is a G(U/O)E matrix and d € Z~q. If H is a d x d diagonal matrix and V' is a matrix
in R4 or C™*? in the GOE and GUE cases respectively with orthonormal columns, then

we say that
X ++nVHV*

is a d-spiked G(U/O)E matriz with spikes H.

By rotational invariance, if we are interested in the eigenvalues of such matrices, it is
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enough to consider V' whose columns are given by V; = e;. That is,

d n—d
d H 0
X + v : (5.3)
n—d 0 0

This section is then devoted to finding banded matrices whose eigenvalues match those
of matrices of the form Eq. (5.3]).

Theorem 5.4. Let X be an n x n G(U/O)E matriz with corresponding Dyson parameter
Bandletl <d<n

Then there exists an n X n Unitary or Orthogonal block-diagonal matriz P

d n—d

dfI 0
P = , (5.4)
n—d\ 0 PO

such that X defined by X := P*XP is a Hermitian (d,d)-banded n x n with independent

lower-triangular entries whose distributions are given by

N1(0,2/P) if k=0,
Xjjok ~  N3(0,1) if1<k<d, (5.5)

ﬁX,B(nfdflJrj) if k= d.

Proof. We proceed by induction on d, with the base case d < n understood to be trivial
with X = X and P = 1.

Suppose that a banded decomposition as described in the theorem statement exists when
n < kd for some k € Z~ and consider n such that kd < n < (k+ 1)d. Then, decompose X

as a block matrix
d n—d
¥ — d XH X;l ’
n—d X21 X22
where X171, Xo1, X99 are d x d, (n —d) x d and (n — d) x (n — d) matrices respectively.
Let X21 = QR be the QR decomposition as described in Proposition[5.3] Now, Q* X22Q
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is an (n —d) x (n — d) GUE matrix. Since n —d < kd, under the induction hypothesis, let
Py a be unitary block-diagonal (n —d) x (n — d) such that [FP]1.q.1.a = I (if n —d < d, then
Py is simply taken to be the identity) such that

X2 = P} (Q*X2Q) Py

satisfies Eq. (5.5). Notice that, since [FPyli.q1.4 = I while [R]gq1):(n—q) = 0, we have
that PfR = R. Moreover, since X9y is a GUE independent of X»; and so of @, by
Lemma Q*XQQQ and so X9 is independent of (X11,X21), and so also of R.

We now have that

(Id 0 ) (XH Xgl) (Id 0 )_( Xn (PrQ* Xo1)* )
0 QP Xo1 X2) \0 QP) \PQ'Xor Fj(Q*X2Q)R
(xu R
a ( R X22) '

By Proposition and the induction hypothesis, the distributions of the entries of R
and X9 are such that this matrix satisfies Eq. (5.5), completing the proof. O

Corollary 5.5. Let X be an n x n G(U/O)E matriz with corresponding Dyson parameter
Bandletl <d<n
Let X be a Hermitian (d,d)-banded n x n matriz whose independent lower-triangular

entries have distributions given by

=k ™~ ./\/:3(0, 1) if 1 <k<d,

<

1 .
/3XBm—d—j+1) if k= d
Define the block matrix
d n—d
afA 0
H = ;
n—d (O 0 )

where A is a d x d Hermitian matriz and let 1 < d < p.
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Then the eigenvalues of X + H have the same distribution as those of X + H.

Proof. Let X, P be as in Theorem Notice that, since [P]1.41.¢ = I, while [H]1.4,1.q is
the only non-zero part of that matrix, HP = P*H = H. Therefore,

X+H=P'XP+P‘HP
= P*(X + H)P.

The result then follows from the fact that P is unitary or orthogonal. O

The above corollary gives a recipe for sampling banded matrices whose eigenvalue dis-
tributions coincide with Gaussian matrices with d spikes.
We detail this procedure in Algorithm[I] The algorithm requires the following functions,

whose naming conventions follow those of the corresponding R functions so far as is practical:
e LENGTH(v): returns the length of the vector v.
o NEWBANDEDMATRIX(n,l,u): creates an empty n x n (I, u)-banded matrix.
« RNORM(n,dyson): samples a vector of n independent Ngyson(0, 1) random variables.

o RCHISQ(df): samples a chi-squared random variables with df degrees of freedom. If df

is a vector, samples a vector whose components are independent ngr random variables.
1

5.1.4 Wishart matrices

We use the term d-spiked Wishart matrix to denote the sample covariance of Gaussian data
whose covariance matrix differs from the identity by a rank-d perturbation.

Due to rotational invariance of the Gaussian distribution, it is enough to consider diag-
onal covariance matrices ¥ = I + H*H, where H is a rank-d diagonal matrix.

If X is a p x n matrix of iid N3(0, 1), then the eigenvalues of the matrix

P p—d P p—d

I+H 0 I+H" 0
: xx+ (5.6)
p—d 0 1 p—d 0 I
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Algorithm 1 Sample a (d, d)-banded n x n matrix whose eigenvalues have the same dis-
tribution as those of a Gaussian matrix with spikes hq, ..., hq.

1: procedure RBANDEDGAUSSIAN(n, h, (3)
2: d < LENGTH(h)

3: W <~ NEWBANDEDMATRIX(n, d, d)

4: bandg(W) < RNORM(n,dyson = 1) - \/2/3
5: for j € {1,...,d} do

6: Wii < Wi + hin/n

T: end for

8: for ke {l,....,d—1} do

9: bandy (W) <— RNORM(n — k,dyson = 3)
10: band,k(W) — bandk(W)*

11: end for

12:  bandg(W) « /RcHISQ(df = 3-SEQ(n — d,1,by = —1)/B)
13: band_4(W') < bandg (W)

14: return W

15: end procedure

have the same joint distribution as the eigenvalues of a covariance matrix of N3(0, 1+ H*H)

data. We will then investigate banded matrices whose eigenvalue distributions match those

of Eq. (5.6).

Theorem 5.6. Let X be an n x p matriz with iid N3(0,1) entries. Suppose thatd < p < n.
Then there exist random matrices U, V and X such that X = U*XV and

o U is a unitary or orthogonal and block-diagonal p x p matriz such [Uly.q1.a =1,
e V is an n X p matriz with orthonormal columns, and

e Xisa (d,0)-banded p x p matriz with independent entries whose distribution is given

by
1 P
/3 XBk) if k=0,
Xjj—k ~ 4 N35(0,1) if1<k<d, (5.7)

ﬁxﬁ(p*dfyrj) itk =d
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Proof. We proceed by induction on p. For the base case, where p < d, take U = I, and

Next, suppose that a decomposition described in the theorem statement is available for
all matrices of Gaussians such that p < kd and let p be such that suppose that kd < p <
(k +1)d. Decompose X vertically into a d x n and (p — d) x n block:

n

d Xl
X = .
p—d X2

Let X7 = QR be a QR decomposition as described in Proposition where Q and R
are n x p and p X d matrices respectively. Denote the top d x d submatrix [R]1.41.4 by Ro.
We then have that

p

XQ = df R*
_p*d X2Q '

Write X/, := X2@Q. Since @ has orthonormal columns and is independent of Xs, we have
by Lemma that X} is a (p — d) x n matrix of iid standard Gaussians independent of R.
Decomposing X horizontally into a (p — d) x d and (p — d) X (n — d) block according

to X4 = (X%, X5,), we can write X@Q as a block matrix:
d p—d
af Ry 0
XQ = .
p,d Xél XéQ

Now, let X5, = US be a QR decomposition as per Proposition with U and S being
(p—d) x (p—d) and (p — d) x d matrices respectively. We then have

I
¢ 0\ yo_ (R0 0 )
0 U S U*X},
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Once again, U* X}, is a (p — d) x (p — d) matrix of iid standard Gaussians independent
of Ry and S. By the induction hypothesis, let U,V be unitary (p — d) x (p — d) matrices
such that Xoo = (7*(U*X§2)f/, where Xoo satisfies Eq. .

We then have that

I I
a0 xo [ 0\ _(Fo 0
0 UU* 0o v S X

But by Lemma and the induction hypothesis, S and X,y have the right structure

for these matrices to satisfy the conclusions of the theorem. O

Corollary 5.7. Let X be a p x n matriz with iid N3(0,1) entries.

Let X be a (d,0)-banded p x p matriz with independent entries whose distribution is

given by
1 P
3XBm—k) if k=0,
Xjj—k ~ ¢ N3(0,1) if1<k<d,

ﬁxﬂ(p—d—m) if k= d.

Define the block matriz

where A s a d X d matriz.

Then the eigenvalues of HX X*H* have the same distribution as those of HX X*H*.

Proof. Let X,U,V be as in Theorem Since [U]axa = I and [H](,—aqyx(p—a) = I, we have
that U commutes with H.
Therefore, we have
HXX*H* = HUXV*)(UXV*)*H*
=UHXX*H*U*,

from which the result follows. O



5.2. STOCHASTIC AIRY FUNCTION 117

As with Corollary , we use the above result to define a procedure for sampling (d, d)-
banded matrices whose eigenvalues have the same distribution as those of a Wishart with

d spikes.

The procedure is implemented in Algorithm [2] using the same functions as required for
Algorithm

Algorithm 2 Sample a (d, d)-banded p x p matrix whose eigenvalues have the same distri-
bution as those of a p x p Wishart matrix with n degrees of freedom and spikes hq, ..., hq.

1: procedure RBANDEDWISHART(n, p, h, [3)

2 d < LENGTH(h)

3 W < NEWBANDEDMATRIX(n, d, 0)

4: bando(W) < /RcHISQ(df = 8- SEQ(n,n —p+ 1,by = —1))/3
5: for ke {l,...,d—1} do
6

7

8

9

band_; (W) <— RNORM(n — k,dyson = f3)
end for
bandy(W) < /RcHISQ(df = 8- SEQ(p — d,1,by = —1))/3

: for i€ {1,...d} do
10: for j €{1,...,i} do

11: Wij < Wij /14 h;
12: end for
13: end for

14: return WW*
15: end procedure

5.2 Stochastic Airy function

Following [LP21], eq. 1.5, fix an [a,b] € R and a realisation B of a Brownian motion. We
recall from Definition the definition of the stochastic Airy equations over [a,b] with

respect to the Brownian motion B:

Define the kernel

2 — g2

5 T V27(B(t) — B(s)) + A(t — 5)
=Up(t,s) + A(t — s).

U)\(t, S)
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For ¢ € [a, b], the system of integral equations

B3 (t) = ca(N) + 1 (U (. b) + /b U (b 1)@ (u) du, (5.8)

() = c1(A) + /b "0y (u) du, (5.9)

are the stochastic Airy equations.

In the above, it will typically be the case that ¢t < b, so it is important to note that the
integrals are signed.

This section describes algorithms for efficiently solving the stochastic Airy equations for
a fixed realization of B. The code for the implementation of these algorithms is available

at github.com/damian-t-p/StochasticAiry.jl.

5.2.1 Approximating the initial conditions

An important issue when simulating the stochastic Airy function is that the values ¢1(\), ca(A)
are defined only implicitly, as they are chosen so that SAiy(¢) remains bounded as t — occ.
Following the notation of [LP21], we instead find solutions (¢}, ¢)) to the stochastic Airy

equations with initial conditions given by
c1(A) = AiA+b), ca(\) =A'(A+0b). (5.10)

We will refer to these as the deterministic Airy initial conditions. Now, [LP21, Theorem
9.5] states that, for ¢ € (0,1/6) and N large, if b = (log N)!~¢, then there exists a Gaussian

process X as well as functions ©) and x,(¢) such that we can write

exp{ fy X (u) du}

PA(t) = (@ASAiA(t)+XA(t))E DU X du)
ex 0 u u

where, for any compact K C C, there exists a constant C' such that with probability at
least 1 — e, it holds that, for £ € {1,2},

Sup’af\_l@)\ - 1| S Cb75/6’ sup |8§_13th/\(t)] S CN€567b3/2/5.
ACK AEK, te[—eb,b/2]

Notice that the time-dependent error term Y is asymptotically much smaller than the

space-dependent error term ©).
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This suggests that for a fixed A, ¢, (t) is, up to a constant independent of ¢, a good ap-
proximation of SAiy(t). However, b must be very large for ¢,(0) to be a good approximation
of SAiy(0) up to a constant independent of A.

In the remainder of this section, we detail how to numerically solve these (¢}, ¢»).

5.2.2 Solving the stochastic Airy equation as a function of time

In this section, we fix A € C and a large b and discuss how to solve for ¢ solving the
stochastic Airy equations with the deterministic Airy initial conditions given by Eq. .

In particular, we choose a < b and fix B, a realized Brownian path over the interval
I = [a,b] with By = 0. For such a fixed B, we see that Eq. is a Volterra equation of
the second kind with a continuous kernel.

Hence, we can solve it with a standard method, by approximating the integral in
Eq. with a trapezoidal integration. To this end, we define a grid 7 over [a,b] as
either a strictly increasing sequence a = t; < --- < t, = b or a strictly decreasing sequence
b=t1>--->t, =a.

For this grid, the corresponding differences are then

0 if ke {l,n+1},
Aty — { }

tr, — tp—1 otherwise.

Notice that these can be either positive or negative depending on whether 7 is increasing
or decreasing.
Last, we will say that a function f: I — C satisfies a y-Hélder condition with v-Hélder

modulus C if, for any s,t, we have
[f(s) = fF(OI < Cls —t[7.

With this, we establish the following control for errors in trapezoidal integration of

~v-Hoélder functions that we will need for later results.

Lemma 5.8 (Trapezoidal integration for y-Holder functions). Let I C R be an interval
and {t1,...,tp,} a grid covering I.

Let {hy: I — C}yex be a collection of y-Hélder functions with common ~y-Hélder mod-
ulus C' and let {ng}, be a set of integers in {1,...,n}.
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If H, is the trapezoidal approximation to fttl"z h(t) dt given by

N At; + Ati+11 i<ng
=1

then, for any x € X,

T

Proof. Let hy be the linear interpolation of h, along the grid. We then have that, for any

t falling between t;_1 and t; that,

() = B ()] < ha(t) = ha(tio1)] + [ha(t) = Ba(ti1))|
< |hx(t) — hm(tifl)‘ + |hz(tz) - hx(ti71)|
< 2CAt].

But since H, is the integral of ﬁx, we have that

lng
A

Z/” L(0)] dt

<20 Z AL O
1=1

We then use this result to establish the following theorem controlling the error in the
solutions to a discretized version of a Volterra equation where the forcing function and

kernel are y-Hélder.

Theorem 5.9. Let I = [a,b] be an interval. Let f: I — C,K:I x I — C be bounded
functions such that K(t,t) =0 for allt € 1.

Suppose that there exists a C' > 0 and v € [0,1] such that, for all s,t € I,

[f(s) = F(®)], ilél;|K(Ua s) — K(u,t)| < Cls — . (5.11)

Letb =1t > -+ > t, = a be a grid and suppose that p,p: T — C are functions that
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solve the following equations:

o(te) = f(tr) + ttk K (tg, u)p(u) du, (5.12)
k-1 . ‘
Bltx) = F1) + Y- Kt 1)p(e) 2 B0

for all 1 <k <n. If maxj<g<p|Atg| = 0 as n — oo, then

te) — ¢(tr)| = O Aty 7).
lrélggnlw( k) — Pte)] (nlglggnl k)

Proof. For functions of one or two variables, we will write || f||oc = sup,cp|f(t)| and || K|/s =
sup; e 7| K (s,t)]. Notice that by Eq. (5.12), we have that, for all ¢ € I,

t
()] < [ lloo + 1K oo / () du,

from which we conclude that

()] < [ flloo exp{lH Koot — £1)}
< [ lloo exp{l Kl (b — a)},

and so that ||¢]|ec < 0.

Now, we have for any t,s € I with ¢t > s that

S

p(t) —(s) = f(t) = f(s) + | (K(t,u) = K(s,u))p(u) du + /: K(t, u)lp(u)] du,

t1
lp(t) = @(s)] < C(1 + (tn — t1)llplloc) |t = s[" + | Kloo Il oo |t — s
<C'|t—s|?

for a sufficiently large C’ that is uniform in ¢, s. That is, ¢ is y-Holder.
Let e = o(tx) — @(tx) be the error in estimating ¢ by ¢ at ¢;. We then have that

Ep = ) K(t,u)p(u)du — Z K(tlmtﬂ@(ti)fJrl
1 =1

At; + At - =

k—1
=1

i=1 “ti

[ K we() du - (g el + Kt tia)oltin)

At;
2

]



122 CHAPTER 5. ALGORITHMS FOR SIMULATING RMT QUANTITIES

Now, by the y-Holder conditions for K and ¢, we have that, for any z € I,

K (2, )p(t) — K(2,5)0(s)] < [|K[ool(t) = (s)] + llplloo K (2, ) — K (2, 5)]
< (1Kl C" + llelloa Ot = sI7,

so that as a function of ¢, K(x,t)p(t) is y-Holder uniformly in € I. But this means that,

by Lemma [5.8, we can write

AL + Aty

k—1 k—1
el < D IK (e, i) 5 les| + > C"|ALM,
=1 =1

where the last line holds with some constant C” > 0 from the fact that ¢ and K are
~v-Holder and bounded.

But now, writing Atyax = maxj<p<n|Aty|, we see that

k—1 "

C
ekl < N Koo Atmax gil + —— At . )- 5.13
lexl < K] §(|| T, (5.13)

One can verify by induction that for any sequence (ag)x of non-negative real numbers

that satisfies a, < C f;ll(ak + d) for some constants C,d > 0, we have that
ar, < [(C +1)*1 —1]d < Cdk,

where the second inequality holds when C' < 1. This fact, together with Eq. (5.13)) yields

that max,<penler] = O(nALLEY). =

Solving the discretized equation

Notice that Eq. (5.8]) is of the form of Eq. (5.12)), with

K(t,s) = Us(t, 5), (5.14)
F(1) = ca(A) + L (AU, D). (5.15)

Moreover, for any v € [0,1/2) it is almost surely the case that B is y-Holder continuous.
Hencef and K satisfy Eq. (5.11]) for any v € [0,1/2). Therefore, Theorem m states that
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to approximate ¢, it suffices to solve the equation
A

At + Aty

5 O (). (5.16)

k
A\(tr) = c2(A) + (MU (tr, 1) + > Un(tr 1)

i=1

Having done this, we can also approximate ¢, with qz;,\ defined by the following trape-
zoidal rule equivalent of Eq. (5.9):

~ k At; + Aty ~
At = 1)+ D! (5.17)

i=1

From now on, we will call Egs. (5.16]) and (5.17) the 7-discretized stochastic Airy equa-

tions.

To this end, define the vectors ¢, ¢, cy € C" and matrix Ky € C"*™ by

qbl)\,i = él)\(tl)v
cyi = c2(A) + et (MUn(ts, tr),
Z/{)\(ti,tj)% if ¢ > 4,

Kyij = .
0 otherwise.

In this way, we can write Eq. (5.16) as

¢l)\ =c)+ K/\d)l)\v
¢h = (I —Ky) ey, (5.18)

and Eq. as
b\ =cial+ Tq.’)'A,
where T is the n X n matrix corresponding to the trapezoidal rule given by
At;/2 if 1 = j,

0 otherwise.
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We then have by Theorem [5.9 and Lemma [5.8] that

- Y — 14y
lréllfl%(nWA,k UNGAIE lrélggnWA,k ot 0(n11£§§n|ﬁtk| )-

An example

Figure [5.1] shows a simulation of (¢}(t), do(t)) with the following parameter values and an
0

evenly-spaced grid 7:

Parameter Value

3 1
[a,b]  [-20,10]
n 3000

Since the grid is even, we have that |At;| = (b — a)/n, and so the approximation has a
uniform error of order O(n~'/2*¢) for any > 0.
We see that ¢g(t) is qualitatively similar to Ai(t) but with Brownian continuity proper-

ties.

5.2.3 Efficiently solving the stochastic Airy equation over a region in the

complex plane

In the applications given in Chapter |4] the quantity of interest is the function A — SAiy(0)
— that is, the stochastic Airy function as a function of A.

In order to simulate this, we would like to compute (¢4 (0), @} (0)) for a single realization
B of a Brownian motion and for all A € A for some large set A. According to Eq. , this
requires the computation of (I — Ky) !cy for each \. Naively, this would require O(|A|n?)
operations, which becomes impractical when |A| is large.

In this subsection, we will detail an approach that takes advantage of the structure of

K, and c) to perform these computations in time O(n® + |A|n).

Proposition 5.10. Let I = [0,b] be an interval with corresponding grid 7 = {b = t; >
o >t, =0} and A C C.

Let (q~5’/\,q~5A) be the solutions to the T-discretized stochastic Airy equations given in
Eqgs. (5.16) and with the deterministic Airy initial conditions Eq. . Then,
form € {1,2,3} there exist:
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Figure 5.1: Realisation of (¢} (t), ¢o(t)) compared to the Airy function.
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e vectors u € C? and v,, € C",
o scalar functions Cp,: C — C,
e matrices U € C"?2 and N € C™ ", where N is strictly lower-triangular;

such that, for all A € A, it holds that

#,(0) —u+t 23: nz_:lc (AN UTN*v,,. (5.19)
é(0) i :

Proof. From the results of the previous section, we can write
2, (0 0 el
%0 _ R (5.20)
9A(0) c1(A) t
0 el
= + | ) (I -Ky) ey, 5.21
i) () -1 o

where e, € R"” is the standard basis vector with a 1 in its nth entry, and where t € R" is

the vector corresponding to trapezoidal integration over the grid 7. That is,

_ At 4 At

t; 5

We proceed by investigating the dependence on A of c) and K.

Decomposition of c): Recall that

Cr; = CQ()\) + Cl()\)u,\(ti,tl)
= CQ()\) + Cl(A)uO(ti, tl) + Cl()\))\(ti — tl),

so that we can write
c) = Cl(/\)Vl + CQ(/\)VQ + C3(A)V3, (5.22)
for vectors v, € C™ that do not depend on A defined by

vy =1,

Vo = Uo(ti, t1),
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v3i=1t; — 11

and A-dependent scalar functions C), defined by

Decomposition of K,: Notice that Ky can be written as
Ky =Ky + AL,
where L is a strictly lower-triangular n x n matrix with

(t; — t;) 22 i > j,
Lij =
0 otherwise.

Using this identity, we can write the inverse as

(I-Ky)'=I-Ky—AL)!
= (I -Ko) I - M\L(I-Ky) 1!

Define N = L(I — Ko)~!. Since L is strictly lower-triangular and (I — Kg)™! is lower-
triangular, N is strictly lower triangular. We can thus take advantage of the fact that it is
nilpotent, with N™ = 0, concluding that

n—1

(I—AN)""=> ANF (5.23)
k=0

Combining: Putting together Eqs. (5.22) and (5.23]), we find that

(I-Ky))ler= (I -Ko)~ [Z MNF] [i Con(A) V]

= m=1
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Hence, if we define

then indeed

k=0 m=1
3 n—1
=3 Y Cu(WNU'N*v,,. O
m=1 k=0

Remark 5.11. The above proposition gives a recipe for efficiently computing (¢} (0), ¢(0))xea-
That is,

1. Compute U = (I — K{)~!(e, t) by back-substitution (O(n?) operations, O(n?) allo-

cations).

2. Compute N = L(I — K{)~! by back-substitution (O(n3) operations, O(n?) alloca-

tions)
3. For each k € {1,...,n— 1} and m € {1,2,3} (O(n) iterations ):
(a) Compute N¥v,, by multiplying N - N¥~!v,, where N*~lv,, is stored from the
previous iteration (O(n?) operations, O(n) allocations)

(b) Compute UTN*v,, (O(n) operations, O(1) allocations)
4. For each k € {1,...,n— 1}, m € {1,2,3} and X\ € A (O(]A|n) iterations):

(a) Compute Cp,(AM)NUTNFv,, (O(1) operations, O(1) allocations). In this step,
¥ can be very large while UTN¥v,, is very small. Hence, in practice, it is

convenient to compute exp{klog A + log(UTNFv,,)}.
(b) Add C,,(\)A*UTNFv,, to a running total (O(1) operations, O(1) allocations).

Compiling the above steps, we find the algorithm requires O(n3 + |A|n) operations and
O(n? + |A|n) allocations.
When |A| is larger than n, for example when A is a fine 2-dimensional grid in C, this is

faster then the naive algorithm, which runs in O(]A|n?) time.
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I have implemented this algorithm in the Julia programming language, and the code is
available at https://github.com/damian-t-p/StochasticAiry. jl.

An example

Figures and show a simulation of A = ¢(0) with the following parameter values:

Parameter Value

s 1
[a,6]  [0,10]
n 2000

over a uniform grid 7 and a 500 x 1000 grid of A values ranging from —8 — 8i to 6 + &i.
Note that in this case, |A| > n, so the efficient algorithm is required to compute ¢ (0)
at the desired resolution.
Figure makes clear the zeroes of ¢ (0), which correspond to an Airy point field. In
Fig. we observe steepest-descent behaviour closely mirroring that of Ai(z) - namely
quadratic-like behaviour near the critical point with tapers off to rays emanating at angles

of roughly +27/3 from the positive real axis.
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Figure 5.2: Contours of quantities associated with a realisation of A — ¢ (0)
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(b) sign(Im $x(0))

Figure 5.3: Signs of real and imaginary parts of a realisation of A — (5,\(0). Black regions
are negative and yellow regions are positive
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